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PREFACE 

This book contains, in revised form and with some additions, the 
material of the chapters on trigonometry found in the author's text- 
book on '^Advanced Algebra and Trigonometry." The theory of 
the subject is here presented in a manner as direct and elementary 
as possible, and much attention is given to the applications, which 
are brought out in numerous exanjples and exercises. These 
cover a sufficient range to give the student in technical courses a 
working knowledge of trigonometry as a tool. 

Great care has been taken to make the illustrations instructive, 
and a large amount of graphic work is called for in the exercises 
throughout the text. 

The presentation of spherical trigonometry, with applications to 
the terrestrial globe and to practical astronomy,' has been reduqed 
to the space of 17 pages, which will be found to contain a fair 
introduction to the subject. If this is to be included with plane 
trigonometry in a three-hour course, the work in identities and in 
the munerical solution of triangles should be reduced to a mini- 
mum. 

' Four-place tables are appended to the text, in the belief that they 
are sufficient for a large range of practical applications, and, be- 
cause of their brevity, sue less confusing to beginners and enable 
them to get results in less time than would be the case with more 
extensive tables. The explanation of the table of logarithms is 
made on the assumption that the student has no knowledge of 
the subject of logarithms. 

Answers are given to nearly all of the odd-numbered exercises. 
This gives the instructor the liberty of assigning exercises with or 
without given answers, as may seem best. 

For the convenience of the student a protractor is provided and 
will be found inside the back cover. 

For a five-hour course in Algebra and Trigonometry combined, 
this text may be had bound in one volume with the author's 
text-book on Advanced Algebra. 

W. C. Brenke. 

Lincoln, Nebraska, 
March, 1917. 
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ELEMENTS OF TRIGONOMETRY 



CHAPTER I 
The Trigonometric Functions 

1. The Sine of an Angle. — Let us consider a given acute 
angle A, and suppose that we have con- 
structed a right triangle ABCy containing 
angle A, Suppose the lengths oi AB and 
CB to be measured, and the value of their 
ratio, CB -v- AB, to be calculated. This 
ratio is called the sine of angle A^ and is 
defined as follows: 

Given any acute angle A, form a right triangle with Z A as one 
of its angles. Then . 




sine 



^ J A opposite side 

of Z A= \^ . 

hypotenuse 



The abbreviation for sine of /. A is sin A. 

This quantity, that is sin A, has the same value for all right 
triangles from which it may be 
obtained. For, all right triangles 
containing a given angle A are 
mutually equi-angular, and hence 
similar. Therefore the ratios of 
corresponding sides are equal. 
The figure shows several such tri- 
angles placed with their angles A 
superposed. Then the ratios 

side opposite Z A C\Bi 




C2B2 CsB'i 



hypotenuse 



ABi AB, 



AB, 



are all equal, and, by definition, determine the value of sin A. 

1 




2 ELEMENTS OF TRIGONOMETRY 

Therefore the sine of an angle is a number wliose value is fixed 
by the size of the angle, independently of the size of the triangle 
from which the ratio is formed. The size of an 
angle alone is sufficient to determine the value 
of its sine, and so we say: 

The sine of an angle is a function of the angle. 

To illustrate, suppose Z A = 45°. Construct 
any isosceles right triangle and let a be the length 
of each of the equal sides. Then the length of the hypotenuse 
is a V2. Each acute angle is 45°. Then 

sin45» = ^2Hii^ ^=1 =0.707 + . 

hypotenuse av2 v2 

The actual length, a, of the side of the triangle cancels out in the 
ratio. We might just as well have taken the three sides of the 
triangle to be 1, 1, V^, respectively. 

Again, suppose Z A = 30° or 60°. We can 
form a right triangle with acute angles 30° 
and 60° by bisecting an equilateral triangle, 
as shown in the figure. If each side of the ^ 
original triangle is 2 a, then, after bisection, 
the side opposite 30° is a, and that opposite 
60° is a Vs. Then by definition, 

• OAO ojyp. side a 1 ^ k 

sm 30 = , \, = jr~ = H = 0.5. 

hypotenuse 2 a 2 

• acko opp. side aVS VS ckoaa^ 

sm 60 = , \, = -7i — = -FT = 0.866 + . 

hypotenuse 2 a 2 

Here again, a cancels out in the ratios, and we might just as well 
have marked the three sides of the right triangle 1, Vs, 2, respec- 
tively. 

2. The Six Trigonometric Functions. — The ratio of the side 
opposite the angle to the hypotenuse is merely one of six possible 
ratios which may be formed from the three sides of any right 
triangle. Hence associated with every acute angle there are six 
ratios, or six abstract numbers, whose values depend merely on 
the magnitude of the angle. They are called the six trigono- 
metric ratios, or trigonometric functions of the angle, and are 
named as follows: 
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, , , . . opposite side 

sine of A A = sm.A = -^ — :; ' 

hypotenuse 

_ adjacent side 



cosine <A L A.= 



tangent cS A A = 



hypotenuse 
- opposite side 



~ adjacent side 
cosecant of ^ A = esc A = — ^22_ — __ 



secant at A A = sec A ■- 



cotangent of ^ A = coiA- 



hypotenuse 



adjacent side 
adjacent side 




opposite side 
Exerds*. ^th the aid of a protractor (see 
dde of back cover) couBtruct triangles containing 
angles 10°, 20°, and so on at intervals of 10° up to 
80°. By measuring the sides, and dividing, calcu- 
late the six functions of each of these angles to two 
dewnal placee and tabulate results. Construct all 
the triangles on a single diagram, such as is shown 
in the figure. Check results by comparison with 
the table which follows. 
3. Table of the Trigonometric Functions. - 



Angl.. 


an. 


Co.. 


Tan. 


Got. 


8«. 


Ok. 


0° 
5 
10 


0.087 
0.174 


0.996 

0.985 


0.087 
0.176 


11.430 
6.671 


1.004 
1.015 


11.474 
6.769 


15 

20 
25 


0.259 
0.342 

0.423 


0.966 
0.940 
0.907 


0.268 
0.364 
0.466 


3.732 

2.748 
2.144 


1.035 

1.064 
1.103 


3.864 
2.924 
2.366 


30 
36 
40 


0.500 
0.674 
0.643 


0.866 
0.819 
0.766 


0.677 
0.700 
0.839 


1.732 
1.428 
1.192 


1.165 
1.221 
1.305 


2.O0O 
1.743 
1.566 


45 
50 
55 


0.707 
0.766 
0.819 


0.707 
0.643 
0.574 


1.000 
1.192 
1.428 


1.000 
0.839 
0.700 


1.414 
1.656 
1.743 


1.414 
1.305 
1.221 


60 
65 
70 


0.866 
0.906 
0.940 


0.600 
0.423 
0.342 


1.732 
2.146 

2.748 


0.677 
0.466 
0.364 


2.000 
2.366. 

2.924 


1.155 
1.103 
1.064 


75 
SO 
85 


0.966 
0.985 
0.990 


0.259 
0.174 

0.087 


3.732 

5.671 
11.430 


0.268 
0.178 
0.087 


3.864 
5.759 
11.474 


1.035 
1.015 
1.004 


90 
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4. Given one function, to determine the other functions. — 
When a function of an acute angle is given, the angle may be 
constructed by writing the given function as a fraction, and con- 
structing a right triangle, two of whose sides are the numerator 
and denominator of this fraction respectively, or equal multiples 
of these quantities. Also, since the third side of the triangle can 
be calculated from the other two, all the other functions of the 
angle may be found when one function is given. 

Example 1. tan A — j I = ^r' ., J- 
Lay off AC = 4 and CB = 3, X AC. 
Then AB = V42 + 32 = 5. 

Hence sin A = ^ ; cos A — ■=; 

A ^ A ^ ^ A ^ 

CSC A = o J sec A = 7 ; cot A = 7>* 
3 4 3 

Scaling off the angle with a protractor, we have A = 37°. By taking 
from the table the angle whose tangent is .75 we have A = 37° 
as before. 

Example 2. sec A = 3 ( ~ T ~ ~d^'(\ )' 

Lay off AC = 1. With A as center and radius — 3, strike 

an arc to cut the J. drawn to AC at C. This determines 

the point B. 

The solution may now be completed as in example 1 
Another method of constructing the triangle in this example 

is to calculate CB first, and then to proceed as in example 1. 

6. Exercises. Determine the angle (approximately) and the 
remaining functions, when 





1. 


• A 12 
sm A = 13' 


6. tan A = ^• 




12. CSC A 


3 
2* 


2. 


• A 2 
sm A = «• 


sin A = 0.4. 


7. tan A = 3. 




13. cos A 


= 0.3. 


3. 


8. tan A = V3. 




14. CSC A 


= 2.5. 


4. 


. 2 
cos A = ^« 


. 1 
cos A =^ ^• 


9. cot A = 1. 




16. tan A 


= 10. 




10. cot A = 2.5. 








6. 


11. sec A = 2. 










16. Show that the equation sin A = 


2is 


impossible. 






17. Show that the equation cos A = 


1.1 


is impossible. 
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18. Show that the equation sec A = i is impossible. 

19. Show that the equation esc A = .9 is impossible. 
When A is an acute angle show that, 

20. sin A lies between and 1. 

21. cos A lies between and 1. 

22. sec A and esc A are always greater than 1. 

23. tan A and cot A may have any value from to oo. 

6. Functions of Complementary Angles. — Since the sum of 
the two acute angles of a right triangle is 90°, they are com- 
plementary. 

By definition, we have 

. ^ opp. side b . 

sm B = -^T^ = - = cos A. 

hyp. c 

By considering the other functions and 
tabulating results we have: 

sin B = cos A ; tan B = cot A; esc B = sec -4. ; 

cos B = sin A ; -cot B = tan A ; sec B = esc A. 

Complementary Functions, or Co-functions. — The co-sine is 
called the complementary function to the sine and conversely. 
Similarly tangent and co-tangent are mutually complementary, 
and secant and co-secant. 

The preceding equations are now all contained in the following 

Rule : Any function of an acute angle is equal to the co-function 
of the complementary angle. 

Exercise. Verify this rule when A = 30°, 45°, and 60°. See also the table 
on p. 3. 

7. Application of the Trigonometric Functions to the Solution 
of Right Triangles. — When two parts of a right triangle are 
known, exclusive of the right angle, the triangle may be constructed 
and the remaining parts determined graphically. By the aid of 
tables of the trigonometric functions, the unknown parts may also 
be calculated. 

Rule: When two parts of a right triangle are given {the rt, Z 
excepted) and a third part is required, write down that equation 
of (2) which involves the two given parts and the required part. 
Svbstitvie in it the values of the given parts, and solve for the required 
part. 
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An exceptional case arises when two sides are given and the third 
side is required. In this case we may use the formula a^ + 6^ — c?. 
It will usually be better, however, unless the given sides are repre- 
sented by simple numbers, to solve for one of the angles first, and 
then to obtain the third side from this angle and one of the given 
sides. 

Example. In A ABC, given A = 40°, C = 90°, and 6 = 60. Find the 
other parts of the triangle. 
To get B, we have B = 90° - A = 50°. 

To get a, take r = tan A or o = 6 tan A, 

Finally, c is determined from 

- = cos A or c = T = h sec A. 

c cos A 

From the table of (3), tan 40° = 0.839 
and sec 40° « 1.305. 

Hence p = 60 X 0.839 = 50.340 

and c = 60 X 1.305 = 78.300. 

As a check, we should have - = cos B or ,q' ^^^ = 0.643. 

8. Exercises. 

Determine the unknown parts of right triangle ABC, C being 90°, from 
the parts given below. Check results by graphic solution and by a check 
formula containing the unknown parts. Use the table of (3). 

1. A = 35°, a = 100. 6. B = 15°, a = 0.15. 

2. A = 66°, 6 = 150. 7. A = 50°, c = 0.045. 

3. A = 48°, c = 75. 8. B « 80°, c = 1.25. 

4. B = 33°, c = 50. 9. B = 52°, a = 161. 
6. B = 58°, h = 750. 10. A = 25°, h = i^. 

11. Find the length of chord subtended by a central angle of 110° in a 
circle of radius 50 ft. (First find the half-chord.) 

12. Find the central angle subtended by a chord of 90 ft. in a circle of 
radius 200 ft. 

13. Find the radius of the circle in which a chord of 120 ft. subtends an 
angle of 70°. 

14. Find the length of side of a regular decagon inscribed in a circle of 
radius 300 ft. 

15. Find the length of side of a regular pentagon circumscribed about a 
circle of radius 200 ft. 

16. From a point in the same horizontal plane as the foot of a flag-pole, 
and 200 ft. from it, the angle of elevation of the top is 20°. How high is the 
pole? 

17. A vertical pole 35 ft. high casts a shadow 50 ft. long on level ground 
Find the altitude of the sun. 
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9. Angles of any Magnitude, Positive or Negative. — Con- 
sider Z XOP (figure) as generated by a moving 
line which rotates about from the position 
OX to the position OP, 

Divide the plane into four quadrants (I, II, 
III, and IV in the figure below) by means of 
two-rectangular axes XX' and YY\ 

Quadrant I is that covered by a line rotating from OX to OF in 
the direction of the curved arrow, the angle turned through being 





90°. Let a moving line start from the position OX and rotate into 
the positions OPi, OP2, OPsy and OP4 successively, thus generating 
the angles XOPi, XOP2, XOPz, and XOP4 respectively. 

OX is called the initial line, and OPi the terminal line of the 
angle XOPi, and similarly for any other angle. 

An angle is positive when the generating line rotates counter- 
cldckwise (in the direction of the curved arrow in the figure), 
negative when the generating Une moves clockwise. 

The quadrant of an angle is that quadrant in which its terminal 
line lies. The angle is said to lie in this quadrant. 

The initial line OX, and any terminal line, as OP2, may always 
be considered to form two angles numerically less than 360°, as 
+120° and -240° in the figure. 

When the moving line rotates from OX through more than one 
complete revolution, an angle greater than 360° is generated. 
Thus a rotation in the positive direction (positive rotation) through 
1§ revolutions generates an angle of 480°, lying in the second 
quadrant; a negative rotation through 2| revolutions generates 
an angle of —780°, lying in the fourth quadrant. 
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10. The Trigonometric Functions of any Angle. — Let XOP 
be any angle, and P any point in its terminal line. (The four 
possible cases are here shown in the figure, according to the quad- 
rant of the angle.) With respect to any point P, three lines are to 
be noted, namely: 




(1) The perpendicular MP, from the initial line to the point; 

(2) The segment OM measured along the initial line;, 

(3) The distance OP, from the origin to the point P. 
These lines are named as follows: 

MP is called the ordinate of the point P; 
OM is called the abscissa oi the point P; 
OP is called the distance of the point P. 

Moreover, signs are attached to the ordinate and abscissa, to 
indicate the quadrant in which P lies. Thus: 

Ordinate MP is plus when measured upward, minus when 
measured downward; 

Abscissa OM is plus when measured to the right, minus when 
measured to the left; 

Distance OP is always taken plus. 

We now define the functions of angle XOP, in whatever quad- 
rant it may be, as follows: 

• ^^ ^ ordinate (of -P) _^ ^ distance 

sm xor = -rr-: ) , _, ; CSC xojp = °. : 

distance (of JP) ordmate ' 



cos XOJP = 



tan XOP = 



abscissa 
distance ' 

ordinate 
abscissa ' 



sec xor = 



cot XOJP = 



distance 
abscissa ' 

m 

abscissa 
ordinate 



APPROXIMATE VALUES 9 

For an acute ai^le these definitions ^ree with those of (2), the 
only difference being that opposite side is now called ordinate, 
adjacent side is called abscissa, and hypotenuse is called distance. 

According to the above definitions we have the foUowii^ 
Table of Signs of the Trigonometric Functions 



Quodr. 


Bin. 


CO. 


t... 


cot. 


^.. 


CSC. 


I 


+ 


+ 


+ 


+ 


+ 


+ 


II 


+ 












III 






+ 


+ 






IV 


- 


+ 




- 


+ 


- 



Let the student verify carefully the dgns in this table. He 
should be prepared to state instantly the sign of any function in 
any quadrant. 

Observe that in the first quadrant all the functions are positive; 
in the other quadrants a function and its reciprocal are positive, 
the remaining four negative. 

11. Approzimate Values of ttie Functioiis of any Angle. — 
If in the last figure the distances OP had been taken all of the same 
length, all the points P 
would lie on the circum- 
ference of a circle with 
center at 0. 

Let us draw a circle 
with as center and 
unit radius (figure; 1 = 10 
small divisions). Then 
for any angle XOP we 
have 



cos XOP = 



1 



1 



= 0M. 



Thus the figure shows 
sin 30° = .5 and cos 30° = .86; an 147" = .56 and cos 147" = 

-.83; sin 228° = -.73 and cos 228° = -.67; sin 317° .69 

and cos 317° = .72. 

By noting the values of MP at regular intervals as P moves 
around the circumference, a complete table of values may be con- 
structed. See Exercise 4 of (13). 
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Hence approximate values of the sines and cosines of all angles 
may be read off directly from the figure. The other functions 

MP 

may be obtained by division, since tan XOP — -pyiriy etc. They 

may also be constructed graphically by a method explained in the 
next article. 

The lines MP and Oikf , whose lengths, measured with OP as 
unit of length, represent the sine and cosine of Z XOP^ are com- 
monly referred to as the line values of these functions. 

The term *'siri€," from the Latin **simL8'' (chord), arises from 
the fact that if MP were doubled it would form a chord of the 
circle 

12. Line Values of the other Functions. — We shall consider 
the case of acute angles only; the other cases will be of no particu- 
lar interest to us. 

Let z then be an acute angle, with initial line OX and terminal 
line OQy NQ being drawn tangent to the circle of radius 1 and center 
at the vertex of angle x. 




Bj 


cot g 


r: 


^ 


^ 


1 )H X 



In A ONQ: 
opp. 



tan a; = 



NQ 



-NQ: «cx.^J:-^.OQ. 



adj. 1 ""*' "*" adj 

Hence tan x is measured by a segment of a Une tangent to the 
circle, and sec x is measured by a segment of a secant line. This 
explains the origin of the names of these functions. 

Also, in A ORSy where RS is a tangent line and OS is OQ pro- 
duced, we have 

OS 



, adj. RS T>ct 
cot X = — ^ = -T~ = RS; 
opp. 1 



hyp- 

CSC X = -=^^^ 
opp. 



= 0S. 



These results are indicated in the second figure. 
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ingles 

ctions 13. Variation of the Trigonometric Functions. — In the 

rp, figure of (11) suppose the point P to describe the circumference of 

^ the circle in such a way that the angle XOP shall vary continuously 
nthe from 0° to 360°. Let us trace the changes in the value of sin 
XOP = MP, In the first quadrant MP, and hence sin XOP, 
)P as varies from to + 1, in the second from + 1 to 0, in the third from 
com- to — 1, and in the fourth from — 1 to 0. 

Similarly cos XOP varies in the four quadrants successively 
from from +1 to 0, to —1, —1 to 0, and to +1. 

'^ ^^ Consider next tan XOP = ^. When XOP = 0°, MP = 0, 

sikt and OM = 1; hence tan 0° = 0. 

•ticu- Now as XOP increases from 0° toward 90°, MP steadily in- 

creases toward 1 , while OM steadily diminishes toward 0. Hence tan 

ninal XOP increases from without limit, so that we write tan 90° = cx), 

enter and say that the tangent varies from to cx) as XOP varies from 
0° to 90°. 

Just before Z XOP reaches 90°, tan XOP is a very large positive 
number; just after Z XOP has passed 90°, tan XOP is a very large 
negative number. This abrupt change in the value of the tangent 
when the angle passes through 90° is expressed by saying that 
tan X has a discontinuity at x = 90°. There is another discon- 
tinuity at 270°. 

Since the three remaining functions are reciprocals of the three 
already considered, their variations are easily traced^ Thus, 

CSC XOP = - — ^FTTR. Hence esc XOP varies from cx) to 1 in the 
sm XOP 

first quadrant, and from 1 to cx) in the second. Now as XOP 
i' passes through 180°, esc XOP changes suddenly from a large posi- 

tive value when the angle is a Httle less than 180° to a large 
negative value when the angle is a little more than 180°. 

Therefore the cosecant has a discontinuity at 180°; esc 180° 
may be either +qo or — oo, according to the side from which XOP 
P approaches 180°. 

In the third quadrant esc XOP is negative and varies from 
— 00 to —1; in the fourth quadrant from — 1 to — cx). There is 
another discontinuity at 360° or 0°. 

The variations of the six functions are shown in the following 
table. 



the 
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Quadr. 


sin. 


CSC. 


COS. 


sec. 


tan. 


cot. 


I 

II 
III 
IV 


Oto+1 
+ltoO 
. Oto -1 
-1 toO 


+00 to +1 
+ 1 to +00 

-00 to —1 
— 1 to —00 


+ltoO 
Oto -1 

-ItoO 
Oto+1 


+1 to +00 
-00 to —1 
-1 to -00 

+00 tol 


8 8 

+0+0 

SSSS 

o8o 8 
1 1 


+00 too 

OtO-30 

00 toO 
Oto-oo 



The range of values covered by each of the six functions is indi- 
cated in the diagram below. 



sec X and esc x sin x and cos x 



sec X and esc x 



-CD 



Y 



V. 



-1 



Y; 



A 



+1 



•♦« 



tan X and cot x 

Exercises. 

1. Trace carefully the variations given in the above table. 

2. Show that the following functions have discontinuities at the values 
stated: the cotangent, at 0° and 180°; the secant, at 90° and 270°. 

3. Discuss the "equations," tan 90° = +oo; tan 90° = — oo. Same for 
CSC 0° = + oo; CSC 0° = — oo. 

4. Draw a figure as in (11). Divide the circumference into 36 equal parts, 
and obtain from the diagram a two-place table of the six functions for every 
tenth degree from 0° to 360°. 

14. Graphic Representation of the Trigonometric Functions. — 

It is instructive to represent on a diagram such a table as that 
called for in the last exercise of (13). Let us note the values of 
sinx to two decimals, for values of x at intervals of 15° from 
ic = 0° to 360°. 



X 


smx 


X 


am a; 


X 


sina; 


0° 


0.00 


136° 


0.71 


270° 


-1.00 


15° 


0.26 


150° 


0.50 


285° 


-0.97 


30° 


0.50 


165° 


0.26 


300° 


-0.87 


45° 


0.71 


180° 


0.00 


315° 


-0.71 


60° 


0.87 


195° 


-0.26 


330° 


-0.50 


75° 


0.97 


210° 


-0.50 


345° 


-0.26 


90° 


1.00 


225° 


-0.71 


360° 


0.00 


105° 


0.97 


240° 


-0.87 






120° 


0.87 


255° 


-0.97 







■ 

We now mark off an angle scaUy taking any convenient length to 
represent a unit of angle. In the figure below the scale is such 
that the side of one square represents 15°. 
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Above (or below) each value of x we place a dot whose distance 
from the angle scale shall show the value of sin a:. Any con- 
venient vertical distance may be chosen to represent sin 90° or 1. 
In the figure it is taken as the length of 5 squares. 

When sin x is positive the dot is placed above the angle scale, 
and below when* sin x is negative. 




Joining the dots by a smooth curve gives us a graphic represen- 
tation of the variations in the sine of an angle when the angle 
varies from 0° to 360°. The approximate value of the sine of any 
angle could be read off at once from the diagram. 

The curve has a simple wave form. It is called the graph of 
sinx. By taking values of x from 360° to 720° another wave 
would appear, and so on indefinitely. By taking negative values 
of x, to the left from 0°, these waves could be continued to the left. 

The graphs of the other functions can be constructed in the same 
maimer. They are shown on the following page. 

Exercise. From your table of Exercise 4, p. 12, construct the graphs of 
the six functions. (An interesting chart can be made by doing this work on 
a large sheet of paper, and using colored inks or pencils to distinguish the 
various ciurves.) 

Periodicity of the Trigonometric Functions. — Since the position 

of the terminal line of an angle x is unchanged when the angle is 

increased or diminished by integral multiples of 360°, any function 

of X equals the same function of x =fc n • 360°, n being an integer. 

That is, 

fix)=f{xdzn* 360°), 

where / stands for any one of the trigonometric functions. 
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Hence the trigonometric functions are periodic, with a period 
of 360°. (See graphs below.) 

16. Graphs of the Trigonometric Functions. 

V 00° 180° 270° 360° 460° 
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16. Relations between the Functions of an Angle. — From the 
general definitions of the functions given in (10), putting Z XOP 
= X, we find that 

1 1^1 

sm ic = ; cos oc = ; tan a? = 



CSC Qo sec 0? cot x 

ordinate 

ordinate distance sin x . ^ cos a? 

tan oc = — r — -. = — r — : — = > cot a? = -: . 

abscissa abscissa cos a? sma; 

distance 

Also, whatever be the quadrant of angle XOP = x [figure of 
(10) J, we have 

(ordinate)* + (abscissa)* = (distance)*. 

Dividing this equation through in turn by (distance) 2, (abscissa) 2, 
and (ordinate) 2, and expressing the resulting ratios as functions 
we have 

sin* 05+ cos* 05 = 1, 

1 + tan* 05 = sec* 05, 

1 + cot* iX> = CSC* X. 

All the above relations between the functions of an angle x are 
true for all values of x. They form a first set of working formulas, 
and should be thoroughly committed to memory. They are 
collected below, as 

Formulas, Group A 

(4) tan 05 = 

1 ^ ^ cos 05 

^2)«>««' = ii^- ^^^ ^ cosx (7)l + tan'x=sec»«.. 

(5) cot X = -: 

1 ^ ^ smx 

(3) tano5 = — :— • (8) 1 + cot* 05 = esc* 05. 

^ cot 05 V / I 

We shall apply these formulas in two examples. 
Example 1. Prove that tan x + cot x = sec x esc x. 

. , ^ sin a; , cos x sin^ x + cos* x 

tan X + cot x = h -: — = — = 

cos x sm a; sm a; cos x 

1 1 1 



sin X cos X sin X cos x 



= CSC X sec X. 
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Example 2. Prove that 

C8CX 

7 i r— = cos a;. 

tan X -\r cot x 

CSC X CSC X CSC x 



tan X + cot X sin a; , cos x sin^ x + cofi* x 



cos X sin x sin x cos x 

CSC X 

; = CSC a; sin x cos x = cos x. 



sin X cos X 



In both examples all the steps taken are true for all values of x, since 
this is true of all the formulas of group A. Hence the given equations are 
true for all values of x, and they are therefore called trigonometric identities. 

The equation sin^ x — cos2 x = 1 is not true for all values of x, but holds 
only for certain special values; it is not an identity. 

Exercises. Prove the following identities: 

1. sin X cot X = cos x. - * esc x 

4. — 7— = sec X. 
2 cotx 

tan X CSC X ~ ' 6. (sin^ x + cos^ x)^ = 1, 

A sec X ^ sin ^ , « - 

3. I = CSC X. 6. — 7-;: = tan^ 0, 

tan X cos cot 6 

(For names of Greek letters see first page of appendix.) 

7. (esc e — cot d) (esc ^ + cot ^) = 1. 

8. (sec X — tan x) (sec x + tan x) = 1. 

9. (sin ^ + cos ^)2 = 1 + 2 sin ^ cos ^. 

10. sin2 a + cos2 a = csc^ a — cot^ a. 

11. (sin a — cos a)^ = 1 — 2 sin a cos a. 

12. sin* X — cos* x = sin^ x — cos^ x. 

13. (1 — cos2 x) sec2 X = tan^ x. 

14. tan2 ^ - sin2 ^ = tan2 6 sin2 $, 

15. sec ^ CSC ^ — cot 6 = tan 0, 

16. cot cos + sin = CSC <t>. 

17. cos2 csc2 = csc2 0-1. 20. (1 - cos2 fi) (1 + cot2 /S) = 1. 

^ a sin 1 — cos ^- ^ ^ . « o 

*®. 1 I ^^^ . = — irz-T — • 21. tan* X — sec* x = 1 — 2 sec2 x. 

1 + cos 4> sm 

^^ 1 + tan2j8 __ sin2/8 cos x + sin x _ 1 +tanx 

1 + cot2 /3 ~ cos2/3 ' cos X — sin X "" 1 — tan x 

23. (tan x — 1) (cot x — 1) = 2 — sec x esc x. 

A^ /.I i.y» sin^ 

24. CSC ^ + cot ^ = -z -' 

1 — cos 

25. (o cos X — 6 sin x)2 + (o sin x + 6 cos x)2 = a? + 62, 

26. cos2 ^ + (sin ^ cos 0)^ + (sin ^ sin 0)2 = 1. 

27. tan a + tan j8 = tan a tan /3 (cot a + cot /3). 
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17. Functions of any Angle in Terms of Functions of an Acute 
Angle. — It is possible to express in a simple manner any function 
of any angle in terms of a function of an acute angle. Therefore 
a table of values of the functions of angles from 0° to 90*^ will serve 
for all angles. In fact, in view of (6), a table of functions from 
0° to 45^ would be sufficient, though not convenient. 

1. Any angle, positive or negative, can be brought into the first 
quadrant by adding to it, or subtracting from it, an integral mul- 
tiple of 90^. 

Thus: 760° - 8 X 90° = 40°; - 470° + 6 X 90° = 70°. 

2. When an angle is changed by an integral multiple of 90°, 
say n X 90°, the new terminal line lies in the same line as the origi- 
nal terminal line when n is even; at right angles to it when n is odd. 

3. Two angles which differ by an even multiple of 90° will be 
called symmetrical with respect to the initial line, or simply sym- 
metrical; two angles which differ by an odd multiple of 90°, skevh 
symmetrical. 





Angles x* and x" are symmetrical wUh Angles x' and x" are skew-symmetrical 
respect to angle x with respect to x 

4. When two angles are symmetrical^ any function of the one is 
numerically equal to the same function of the other. 

From figure (a), sin x = — sin x' = sin x", etc., for the other 
functions. 

When two angles are skew-symmetrical, any function of the one 
is numerically equal to the co-function of the other. 

From figure (b), sin x = — cos x' = cos x", etc., for the other 
functions. 
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Exercise 1. From figures (a) and (b), write down all the functions of x 
in terms of functions of a;' and of x". 

Exercise 2. Draw figures corresponding to figures (a) and (6), when x lies 
in each of the other quadrants. Then proceed as in exercise 1. 

5. Rule: Any function of any angle x is numerically equal to 

^, { same function . . , j- • • l j t ieven , 

the { / ^' of X increased or diminished by any \ , , mm- 
l co-function ^ ^ ^ ^^ 

tipU of 90°. 

The sign of the result must he determined by noting the quadrants 
of X and a; db n • 90°. 

When the new anglcy x it w • 90°, lies in the first quadrant, give to 
the result the sign of the given function of x. 

Examples. (Let the student draw the necessary figures.) 

1. sin 680° = sin (50** + 7 X 90°) = - cos 60°. 

Here we diminish the given angle by an odd multiple of 90°, hence change 
to the co-function. Also sin 680° is negative, hence we use the minus sign. 

2. tan (- 870°) = tan (30° -10 X 90°) = + tan 30°. 

3. sec 680° = sec (230° + 5 X 90°) = - esc 230°. 

Here we use the negative sign because, by noting the quadrants of the 
angles, we see that sec 680° and esc 230° must be of opposite signs. 

Exercises. 

1. Express the functions of 520° in terms of those of 70°; of those of 160°; 
of 250°; of 340°. 

2. Express the functions of - 230° in terms of those of 40°; of 220°; of 
400°. 

18. Relations between the Functions of +a5 and —x. — The 
figure shows two cases, x in the first 
quadrant and x in the second quad- 
rant. In either case, 

^.ax = — sin {— x); + 

C3CX = — CSC (— x); 

cos a; = cos (— x); 

'6ecx = sec (— x); 

iana; = — tan (— x); 

cot a; = — cot (— x). 

Exercise, Show that these equations are true when x lies in the third 
quadrant or fourth quadrant. 

Rule: The cosine or secant of any angle is equal to the cosine 
or secant respectively of the negative angle; the remaining four func- 
tions of the angle are equal to the negative of the corresponding funO" 
tions of the negative angle. Or, 




RADIAN MEASURE 



19 



/(op) = /(— a?) when f stands for cos. or sec. 

fipc) = —/(—») when f stands for sin., esc, tan., or cot. 

19. Exercises. Express all the functions of the following 
angles in terms of functions of acute angles: 



1. 140°. 

2. 166°. 

3. 236°. 

4. 336°. 



6. 366°. 

6. - 35°. 

7. - 116°. 

8. - 255°. 



9. - 318°. 

10. 738°. 

11. - 670°. 

12. 1120°. 



13. - 1040°. 

14. - 410°. 
16. 536°. 
16. - 103°. 



Express all the functions of the following angles in terms of functions of 
angles between 0° and 45°. 

17. 75°. 19. 110°. 21. -335°. 

18. -80°. 20. 255°. 22. 600°. 

Give the exact values of the functions of: 



23. 790°. 

24. -510°. 



26. 120°. 

26. 135°. 

27. 150°. 

28. 300°. 



29. - 30°. 

30. - 46°. 

31. - 60°. 

32. -120°. 



33. - 240°. 

34. 315°. 
?6. 600°. 
36. -610°. 




20. Versed Sine and Coversed Sine. — The expressions 
1 — cos z and 1 — sin a: occur often enough 
in the appUcations of trigonometry to war- 
rant the use of special symbols for them. 
These are 

1 — cos X = versed sine oi x = vers x; 
1 — sin 05 = coversed sine of a? = covers x. 

Their line values are (figure), Yersx=MN, 
covers x = HK, x being in the first quadrant. 

Exercises. Find the values of the versed sine and coversed sine of: 

1. 30°. 4. 90°. 7. 150°. 10. - 225°. 

2. 45°. 6. 120°. 8. - 30°. 11. -300°. 

3. 60°. 6. 135°. 9. - 120°. 12. - 315°. 

21. Radian Measure. — The degree is an artificial unit for 
the measurement of angles. In France, where at the time of the 
Revolution an attempt was made to put all measurements on the 
basis of the decimal scale, the quadrant of the circle was divided 
into 100 equal parts and the angle subtended at the center by one 
part called a grade. Each grade was then subdivided into 100 equal 
parts called minutes, and each minute into 100 seconds. The 
degree and the grade are thus two arbitrary units for the measure- 
ment of angles, and any number of such units might be chosen. 
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« 
There is one unit which is naturally related to the circle, and 

which is as commonly used in theory as the degree in practice. 
It is the central angle subtended by an arc equal in length to the radius 
of the circle f and is called a rctdian (figure). 

Since the circumference 
contains the radius 2 tt 
times, the entire central 
angle of 360® contains 2 tt 
radians, i.e., 

2 IT radians = 360®. a 

Hence, 
TT radians = 180**; 

^ radians = 90**; 

-r radians = 45*^: and so on. 
4 

In dealing with angles 

measured in radians it is 

customary to omit specifying the unit used; it is understood that 

when no unit is indicated the radian is implied. Thus, 

2 TT = 360®, TT = 180®, I = 60®, 2i = 2\ radians, and so on. 

Note. To get the standard form of the graphs of the equations y » sin x, 
y » cos X, etc., take x in radians on the x-axis, thus: x » 0.1, 0.2, 0.3, . . . , 1, 
. . . and find the corresponding values of y\ use the same unit of length for 
both X and y. 

22. Radians into degrees, and conversely. 

Since 2 tt (radians) = 360®, 

.u r . ^. 360® 180® 180® e^ooo. 

therefore, 1 radian = -tj— = — — = » ..^a = 57®.29+; 

Jt tt 0.1410 — 

also, 1 degree = ^^ (radians) = -r— (radians) 

(radians) = .017+ (radians). 




57.29+ 



Rule: To convert radians into degrees^ multiply the number oj 

180 
radians hy or 57.29+. 

TT 

To convert degrees into radians, multiply the number of degrees 



EXERCISES 21 

By taking a sufficiently accurate value of tt, we find, 

1 radian = 57°.2957795 = 3437'.74677 = 206264''.8. 
1*" = .0174533 radians. 

1' = .0002909 radians (point, 3 ciphers, 3, approx.). 
1"= .0000048 radians (point, 5 ciphers, 5, approx.). 

The measure of an angle in radians is often called the circular 
measure of the angle. 

Examples. 

1. Reduce 240** to radians. 

240° = 240 X T^ radians = -5- radians. 

2. Reduce to degrees the angle whose radian measure is 1 + ir. 

(1 + ir) radians = (1 + ^) X — degrees »= ( h 180 1 degrees 

= 57°.29 + 180° = 237°.29+. 

2 

3. Reduce to degrees the angle whose circular measure is r radians. 

TT — 1 

We can see that, since tt = 3.14+» the given fraction has a value a Uttle 
less than 1 ; hence the angle is a little less than one radian, hence less than 57°.3. 
Making the reduction we have 

r radians = 7 X — degrees 

TT — 1 IT — 1 IT 

360 , 
= g __ degrees 



■jr* — IT 

360 



6.73 ± 
= 53°.5±. 



degrees 



See also Table IV, Appendix. 



23. Exercises. Reduce to degrees, minutes and seconds the 
angles whose circular measures are: 

1 ^ ^LE ^JE. ^^ 22 IT 

^' i2' T' 16' T' Is"' 

2 2 15 ? ^ ? 
2. J, l.d, 2' 3» 5' 

^ 5ir 3 2ir j_ ^ IT 2 27r+5 

^- I2' "2* 15"^^' 3~3' 8 

. 1 , IT 1 1 2 2 

*• 4-t-^' 4-3' tt' x-3' ""• 

_ IT TT^ IT 4~ 1 

6- ;^2-+i' r=^' T^^l' 
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Reduce the following angles to circular measure: 

6. 30°, 120°, 150°, 225°, -60°. 

7.* 375°, -22}°, 187°.5, 106°, 93° 46'. 

8. 85°, 191° 15', 5° 37' 30", 90° 37' 30". 

9. 10', 10", 0".l, 12° 5' 4", 21°36'8".l. 

10. If the radius of the earth be taken as 3960 miles, find the number of 
feet in an arc of 1" of the meridian^ 

11. How many radians in a central angle subtended by an arc 150 ft. 
long, the radius of the circle being 50 ft.? 

12. How many radians in the central angle subtended by the side of a 
regular inscribed decagon? 

13. A wheel makes 1000 revolutions a minute. Find its angular velocity 
in radians per second. 

14. If the angular velocity of a wheel is 3 x radians per second, how many 
revolutions per minute does it make? 

15. Show that a ball, viewed from a distance equal to 57 times its diam- 
eter, will subtend at the eye an angle of nearly 1°; at a distance of 3400 times 
the diameter the angle will be very nearly 1'; at a distance of 206,000 times 
its diameter the angle will be almost exactly 1". 

16. At what distance from the eye will a baseball subtend an angle of 1°? 
Ofl'? Ofl"? 

17. The moon's diameter is 2160 miles, the sun's 866,000 miles. Their 
distances from the earth are 240,000 miles and 93,000,000 miles respectively. 
What is the angular diameter of each body as viewed from the earth? 

18. Is the end of a lead pencil, held at arm's length, sufficient to cover the 
disk of the full moon? Moon's angular diameter is 32'. 

24. Use of Radian Measure. — Suppose a particle M to be 
moving with uniform speed of 20 ft. 
per second around a circle of radius 
5 ft. 

Suppose the particle to start from 
A and let t (time) be the number of 
seconds required to reach the position q- 
M] let Z AOM = e. (We may im- 
agine the radius OM to be revolving 
with the particle M , and the angle B 
to be increasing gradually.) 

Now in t seconds after the particle 
has left the point A, arc AM will have the length 20 t ft. 
Therefore 




radian measure of A6 = 



arc AM 20 1 



= 4^ 



radius 5 
That is, in t seconds the angle AOM reaches the value 4 t radians. 
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Let Af ' be the projection of M on OA, Then the distance of M* 
from at any time t is 

OM' = Oilf cos ^ = 5 cos 4 t. 

This will make OM' come out negative when M' lies to the left 
ofO. Thus: 

When t = 0.2 sec ; OM' = 5 cos t (radians) = 5 cos 45*^.8 = 3.48 ft. 
When i = 1 sec; OM' = 5 cos 4 (radians) = 5 cos 229^.2 = - 3.27 ft. 

Exercise 1. Calculate OM' when t — \, i, }, |, 2, 5 seconds. 

Exercise 2. If the speed of M is t; ft. per second and OM » r ft., show 

that ^-t radians, and OM ' = r cos - 1, 

r ' '" _ 

Angular speed. The angle through which radius OM turns per 
second is called the average angular speed of M. It is the angle 
turned through in t seconds divided by the number of seconds. 
Using the result of Exercise 2 above, we have. 

J, 1 J (radians) v^ , v ,. 
Average angular speed = — ^^ — = -t-^- 1 = - radians. 

What is the angular speed in the above illustration? 

Exercise. What is the angular speed of a rotating wheel of radius 10 
inches, if a point on the rim has a speed of 26 inches per second? Give the 
answer in radians and also in degrees. 

26. Angles Corresponding to a Given Function. — Let n de- 
note an integer, positive or negative, or zero; then 2 n is always 
even, and 2 n + 1 odd; hence the ^ 

angle 2 nw has the terminal hne 
OX (figure) coincident with the 



initial Ime, and angle (2 n + 1) tt ^ ^^^^^^ ^ ^^ 

has the terminal line 0X\ 

Suppose now we wish to write 
down all angles x such that sin x 
= §. Corresponding to a giveti function, there are always 
(except when the angle is a multiple of 90**) two angles less thaiv 
360® ; in this case they are 

30° and ir - 30°. 
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All angles with the same terminal line as either one of these will 
have the same functions; all such angles are 

2n7r + 30° and 2n7r + (tt - 30'') = (2n + l)7r - 30°. 




5^!*^ 



Hence all solutions of the equation sin a; = i are given by 

x = 2n7r + 30° or (2n+l)7r-30^ 

In generaJ, if denote the smallest positive angle whose sine is a, then all 
solutions of the equation 



(1) 



sin a; = a are x = 2 nir + d and (2 n + 1) ir — d. 



Hence also, if denote the smallest positive angle whose cosecant is a, the 
solutions of the equation 

(2) CSC a; = a are x = 2 nir + 5 and (2 n + 1) x — d. 

Consider next the equation 

cos a; = J. 

The two simplest solutions are 
X = + 60° and x= - 60°. 

All possible solutions are given by 

X = 2mr + 60° and x = 2 titt — 60°, 
or X = 2 nx ± 60°. 

In general, if $ be the smallest positive angle whose cosine is a, all solutions 
of the equation 




!^ 



(3) 



cos X = a are x ^2mr z^d. 



Hence also, if be the smallest angle whose secant is a, all solutions of the 
equation 

(4) sec X ^ a are x = 2 nir ± d. 
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Finally consider the equation 
tan a; = 1. 

The two simplest solutions are 
X = 45** and x = t + 45°, 

and all possible solutions are 

x = 2n7r + 45° 
and x = 2mr+ (tt + 45°), 

the second set being the same asa;= (2n + l)7r + 45°. 
Both sets are contained in the single equation 

X = TlTT + 45°, 

the first set being obtained when n is even, the second set when n 
is odd. 

In general, if be the smallest positive angle whose tangent is a, all solutions 
of the equation 

(5) tan X — a are x = nir +6. 

Hence also, if $ be the smallest positive angle whose cotangent is a, all 
solutions of the equation , 

(6) cot X = a are x = nir + 6. 
Summary of equations (1) to (6). 

Let denote the smallest positive angle having a given function 
equal to a given number a. Then all solutions of the equation 



I. 



II. 



III. 



sin a; = a 
CSC X ^ a 

cos a? = a 
sec nc = a 

tana? = a 
cot a? = a 



are a? = J8 rnr + and (3 n + 1) it — 0; 
are a5 = 2wir±0; 



are a? = rnr + 0. 



The angle 6 is usually called the principal value of x. 

The preceding discussion leads to the following simple rule. 

Rule: Corresponding to a given value of a function^ there are in 
general two and only two positive angles less than 360°. // these be 
denoted by xi and X2, then all possible angles are given by Xi±i2 mr 
and X2 ±i2mr. 

In exceptional cases there may be only one angle < 360°, as 
wheh sin a; = 1 or cos x = — 1. 
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26. Use of Tables of Natural Functions. — Such tables give 
the functions of angles from 0° to 90*^. But they will serve for 
all four quadrants, since any function of any angle is reducible 
to a function of an acute angle. 

When the given value of the function is not found exactly in the 
table, the corresponding angle must be obtained by interpolation. 




Example 1. Given sin a; = — ^. To find x. 

The two values, xi and X2, < 360**, are shown in the figure. They are 
easily found when 2:3, the angle whose sine is + p is known. For 

xi = IT + xa and X2 — 2'ir — X3. 

Since sin 3:3 = ^ = 0.333, we find by interpolation from Table III, X3 = 

19° 28'. Hence, 

XI - 199° 28', X2 = 340° 32'. 

All possible values of x are then given by 

199° 28' =fc 2 nir, 340° 32' ± 2 nx. 

Example 2. Given cot f x = 3.362. To find x. 

From Table III, f a; = 16° 34' or 196° 34' ( = 180° + 16° 34'). 

Hence all possible values of ^ a; are given by 

f a; = 16°34'±2nx or 196°34'=fc2nir. 

Therefore, x = 24° 51' ± 3 nx or 294° 51' ± 3 nx. 

We might also write, from III of (25), 

f a; = 16° 34' + nx; hence x = 24^ 51' + | nx. 

27. Exercises. Find all values of the angles which satisfy 
the following equations: 

1. cot a; = 1; sin x — —^; seca; = 2; cos a; = 1. 

2. CSC x = — V2; tana; = V3; cos a; = .5; cotx = — VS. 

3. sin a? = — ^; seca; = — 4; tana; = 3; esc a; = 3. 

4. cos a; = — .275; cota; = — .948; sina; = .035. 
6. tand = 1.555; cscd = — 3.675; seed = — 5. 

6. vers<^ = 2.560; vers0 = .712; covers = .813. 
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28/ Given one function of an angle, to find the other functions. 

Example 1. sinx = ^. Find the other functions. 

Take ordinate = 1 and distance = 2; li- 

then abscissa = ± Vs (figure). 

Then 

cosa; = ±-jr-, tana; = ±— p:> 
2 V3 

/- 2 

cot a; = ± v3, sec x = ±— f^, csc x = 2. 

We have found /ti?o values for each function except cscx, which is the 
reciprocal of the given function. Similar results will be found in general. 




Example 2. 
tan X = — J f = 



-3 

+4 



or 



^D 



The two possible positions of the ter- 
minal line are shown in the figure. 

XT • . 3 ^4 

Hence, sinx = ± ■=> cosx = =F ^» 

cot x = — o' csca:= ± »i secx^T^* 




Example 3. 

2 / +2 -2\ 
^^^^ = 3 i=T3^' ^j 

Then (figure), 



3 2 

sin X = ± — 7=r , COS X == ± 



Vl3 



Vl3 



tan X = -> 
2 



= 4- Vl. 




CSC X = ± ^^!^, sec X = ± 

3 -^ 



Example 4. sin x = r • 

Ordinate = /i; distance = k; hence abscissa = i VP~--~P. 



Then 



cos X = ± 1 tan x = ± 



VA;2 - A2 



» etc. 



Exercise 1. Construct figures for the cases when r is (a) plus; (b) minus. 



Exercise 2. Is the problem possible for all values of h and k? 
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Exercise 3. If 



tan X = — 7= show that 



, a - 6 ,2 *sJob . 

sin X = ± , — f-^-,» cos X = ± , — 7-r-i' etc. 

Calculate the values of the six functions when a « 2, 6 == 3; when a » — 2, 
6 = — 3; when a = 1, 6 = 4; o = — 1, 6 = — 4. 
Exercise 4. Is Exercise 3 possible for all values of a and 6? 

29. Exercises. Find the other functions, given that 

L sin X = — }. 6. CSC x = — y . 11. esc ^ = — w. 



2. cos X — \, 

3. tanx = — f. 

4. sec X = 5. 

5. cot X = - VS. 



7. sec X = — V'. 

8. cot X = — .8. 

9. sin X = — .8. 
10. cos B = Va. 



12. tan0 » 7-. 

18. sin = 1 + A. 

14. cot = Va — 1. 

IR ^ 2ofe 

15. 8ec0 = ^^-p^. 

16. State for what values of the literal quantities in exercises 10-15, the 
given equations are impossible. 

30. To express all the functions in terms of one of them« 

1. Express all the functions in terms of the cosine. 

We have 

cos X abscissa 

cosx = -- — = j^-r 

1 distance 

Hence let abscissa = cos x and distance ^ 1. 

Then ordinate = ± Vdist.^ — absc.^ = ± Vl — cos^rc. 

The figure shows this graphically when cos x is positive. 
Taking into account both values of the ordinate, we have 



sinx= 


±Vi- 


-cos^x; 


tAna;= 


Vl — cos^x. 
COS a; ' 


cota;= 


cos a; 


-^Vl- 


-cos^x' 


csca;= 


■±vr 


1 

• 

-cos^x 


flPPTs 


1 





cosx 











y 




1 '*■( 


/<*- 




1 ^ 


\cosx 


K / 




\ 


V 
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Exercise 1. Draw a figure for the case when cos x is negative. 
Exercise 2. Obtain the same equations directly from the formulas of 
Group A. 

2. Express all the functions in terms of the cotangent. 

cot X — cot X abscissa 



cotx = 



- 1 



ordinate 



Hence let abscissa = cot x and ordinate = 1. 
or let abscissa = — cot x and ordinate = — 1. 

In either case, distance = + Vl + cot^ x. (See figure, where we 
assume cot x>0.) 



Hence sin x = ± 



Exercises. 



Vl + cot^x 



cotx 
t cosx = ± , =9 etc. 

Vl + COt2 X 



1. By taking each of the func- 
tions in turn, and proceeding as 
above, obtain the results shown 
in the following table. The given 
function and its reciprocal are 
imiquely determined; the other 
four functions are ambiguous in 
sign. 






sinz. 


cosx. 


tan X. 


cotx. 




cscx. 








tanx 


1 








±Vsec2x-l 


1 


sinx 


± Vl— cos^x 




±Vl+tan2x 

1 


±Vl+cot^a; 
cotx 


secx 

1 

secx 


cscx 




±VcSC2x— 1 


cos X 


± Vl— 8in2x 
sinx 




±Vl+tan2x 


±Vl-fC0t2x 

1 

cotx 


cscx 




zb Vl— cos2x 


1 


tanx 


±V8ec2x-l 

1 


±Vl— 8in2x 


cosx 
cosx 


1 
tanx 


±VCSC2X— 1 




± Vl — sin2 X 




cotx 


±VCSC2X— 1 


sinx 
1 


± Vl — COS2x 

1 

cosx 

1 




zbVsec2x — 1 




±VlH-cot2x 




secx 


±Vl+tan2x 


CSC X 


±Vl-sin2x 

1 
sinx 


cotx 


secx 


±VCSC2X— 1 




±Vl-ftan2x 




otii* r 


dbVl+C0t2x 




S.XJ\t lA/ 


± Vl— COS2x 


tanx 


±Vsec2x — 1 
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2. Express cos x sin^ x + cos^ x in terms of tan x, 

3. Express cot x cacx -\- csc^ x in terms of sin x. 

4. Express cos^ x cot x — sin^ x tan x in terms of cot x. 

6. Express 7-1 — :— -; + :; r— : In terms of esc 6, 

^ 1+smdl— smd 

^ ^ cos^ , sind . . - ^ 

6. Express •= — 7 — z + -z th ^m terms of sec 0. 

^ 1 — tand 1 — cot ^ 

Note, Before proceeding to the next chapter the student should become 
familiar with the theory and use of logarithms. These are explained at the 
end of the book, preceding the tables. 



CHAPTER II 



Some Applications of the Trigonometric Functions 

Part I. Heights and Distances 

31. Width of a River. — To determine the width of a river, 
w = AB, a surveyor might set his transit at A, sight across to a 
well marked point B, turn off 90° into tho line AC, and have a 
stake set at some convenient point 
C. Measure AC = m, and from C 
measure Z ACB = a. 

Then from A ABC we have 




w , 

— = tan a, 

m 



or, w = m tan a. 




Exercise. Calculate w when 
(a) 



m = 227 ft. 
a = 51° 43'. 



129.5 ft. 
31° 26'. 



(c) 
663 ft. 
42° 17'. 



387 ft. 
19° 33'. 



Note, Logarithms should be used in these calculations. Check results by 
measurement of figures drawn to scale. 

32. Height of an Inaccessible Object. — To find A, the height 
of a hill, say, choose a point A 
on level groUnd and measure 
Z CAD = a, called "the angle 
of elevation. ' ' Then approach 
a measured distance m on level 
ground, to B; at B measure 
the angle of elevation /3. Now 
a, fif and m are known; to calculate h.] 

First Solution. Let BC = n. 




Then 



^ = cot p, 
m 



and 



m + n 



= cot a. 



Subtracting: t- = cot a — cot /3; hence 

31 



h 



m 



cot a— cot P 
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Second Solution. Let k be the length of the perpendicular from 
B on AD. Then we can calculate, in order, first fc, next BD, and 
finally h. 

k = m sin a. 

k sin a 



From A ABE: 
From ABED: 



BD = 



= m 



From A BDC: 



sin 08 — a) sin (jS — a) 

, on • o sin g sin P 

h = BD sm p = iw -: — 77; ^' 

sin (P ~ a) 



For logarithmic calculation this formula is much better than 
the preceding. It gives 

log A = log m + log sin a + log sin /3 + colog sin (fi — a). 

Exercises. 

1. What does the second solution give when /3 == 2 a ? Explain. 

2. Use both formulas to find h when 

(a) (6) (c) 

a = 20^ 15° 48', 27° 33', 

/3^ 25°, 22° 17', 41° 07', 

m = 350 ft. 189.7 ft. 228.3 ft. 

Draw figures to scale and give the graphic solutions. 

3. From a point on the bank of a river the angle of elevation of the top of 
a tree on the opposite bank is 38° 52'; from a point 200 ft. straight back from 
the bank the ai^gle of elevation is 19° 26'. Find the height of the tree and the 
width of the river. Also give graphic solution. 

33. Height of an Inaccessible Object. Second Method. — 

Let CD stand perpendicular 
to the horizontal plane MN. 
To determine the height CD 
or h. 

From A measure Z a; if 
now we cannot approach C or 
recede from it on account of 
obstacles such as trees, or a 
river, or other barrier, lay oflf a 
measured distance AB = m, at right angles to AC; at B measure Z /3. 

Given m, a, j8; to calculate h. 

Solution. Let 7 = Z ACB. cos 7 = AC -^ BC. 
But AC = h cot a; BC = h cot j8. 




CO8 y = 



from which 7 may be found. 



cot a 
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Knowing / 7 and m, we can calcula.te either AC or BC, and 
then A. Thus: 

AC = m cot 7 ; A = AC tan a = m cot ■y tan a. 
Our scheme for logarithmic calculation would be: 
log cos 7 = log cot a — log cot fi; 7 = ? 

log ft = log Mi + log cot 7 + log tan a; ft = ? 



1. Calculate h when m = 1576 feet; a - 32°; S = 19'. 

2. Calculate h when m = 236.7 feet; a = 58° 16'; ,8 = 40' 31', 

3. From a point A on level ground due south of an aeroplane, its angle of 
elevation ia 41° 12'; from a point B 1000 feet due east of A, the angle of 
elevation is 36° 41'; how high is the aeroplane? 

Part n. Vectors 
34. Vectors and their Components. 

Definitions. A vector is a directed line-segment; that ib, a line 
whose length and direction are given. 

A vector quantity ia any quantity capable of being represented 
by a directed line-segment, or vector. 

Velocities and forces in Physics and Mecbanics are vector 
quantities. 

Velocities as Vectors. Suppose a ship to be sailing at the rate 
of 12 knots an hour in a direction E. 40° 
N. (figure). Let A mark its position at 
any moment; draw the directed line-seg- 
ment AB so that its direction shall show 
the direction in which the ship is sailing, 
and its length (on an indicated scale) the 
speed of the ship. Then AB is a vector 
representing the velocity of the ship. 

Nok. Velocity is here used to include both »peed or rate of motion, and 
(jireclion of motion. 

The motion of a ship may be resolved into two components, 
an easterly component AE, and a northerly component AN, 
By inspection of the figure : 

AE = 9.2 knots; AN = 7.8 knots. 
By use of the right triangles: 
AE = 12 00840" = 9.192 knots; A^ = 12 sin 40" = 7.714 knots. ' 
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In this way any vector can be 
resolved into two components at 
right angles to each other, as in- 
dicated in the adjacent ^ure. 
Here AB is a given vector, and 
OX and OY are two rectangular 
reference lines. 

Let I be the length of the vector 
and a its angle with OX. Then 

ac-component of vector = 
y-component of vector = 

When the components AC and AD are given, 
length of vector: I = 

angle of vector: tan a = 




= AC = I cos a: 
: An = I ain a. 

e have 



Vaum of squares of components. 

y-cotnponetit 

x-componen t 



When a is an obtuse angle, I cos a will 
be n^ative; the meaning of the negative ' 

sign is that the x-component is directed 
toward the left, provided the positive 
direction has been chosen toward the 
right. Similarly for "up" and "down." 
Thus in tho. adjacent figure the compo- 
nents oi AB are: 

AC = 100 cos 210" 86.6 +, 

AD = 100 sin 210° = -60.0. 

3fi. Sum of Vectors. Resultants. — Suppose now that a 
ship which is steaming E. 20° N. 
at 12 knots an hour is also being 
carried by an ocean current which 
flows in the direction N. 30° E. at 
3 knots an hour. What is the actual 
motion of the ship? 

Let AB and ABi be vectors rep- 
resenting the velocities of ship and 
current respectively. Let AC and 
ACi be their easterly components. Then 
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total easterly speed of ship = AC + ACi = A(72. 
Likewise: total northerly speed of ship =AD + ADi = AD2. 
Also: resultant speed = V{AC2)^ + (AD2)^; 

resultant direction: tan Z C2AB2 = .^.^^ = ttt^* 

ilC2 AC2 

The vector AB2 is called the sum or resultant of the vectors AB 
and ASi. Its x-component is the sum of the x-components of 
AB and ABi. Similarly for the ^/-components. Likewise for 
more than two Vectors. 

Definition. The sum or resultant of any number of vectors is a 
vector such that 

its x-component = sum of x-components of the given vectors; 

its y-component = sum of y-components of the given vectors. 

Exercises. 

1. With the numerical values given above draw a figure to an accurate 
scale, not too small. Scale^off and also calculate all the quantities used in the 
illustration. 

2. Show that the resultant vector AB2 is the diagonal of a parallelogram 
on AB and ABi as sides. 

3. If a moving body is subjected to any number of motions, each of given 
amount and direction, explain how to find the resultant speed and direction. 

36. Forces as Vectors. — Suppose a particle at A to be pulled 
upon by several forces, all in the same plane, as AFi, AF2, AF^, 
AF4 in the figure. Here each force 
is represented by a vector, showing 
the amount and direction of the pull. 

What must be the amount and di- 
rection of a single force which is equiv- 
alent to the four given forces. This is 
called the resultant of the given sys- 
tem of forces. 

Solution, Resolve each force into an 
x-component and a ^/-component. This is done by the formulas 

x-component = | force \ X cos a; y-component = | force \ X sin a; 

here I /orce | denotes the magnitude of the force, and a is the angle 
between OX and AF, measured in the counter-clockwise direction 
Thus for AF4, a = 320° nearly. 

Form the sum of the x-components, each with its proper sign, 
for a " total a>K5omponent/' Similarly for the y-components. Then 




36 ELEMENTS OF TRIGONOMETRY 

Amount of ResuUant Force =V{total x-comp.y''+ {total y-comp.)^; 

Angle of ResvUani Force: tan a = . . , -^-- — ;■ 

" ' total x-component 

Exercises. Calculate the resultant of each of the following 
systems of forces. A force of n in the direction a ia indicated by 
the symbol (n, a). Draw accurate figures. 

1. (301b., 25°); (40 lb,, 60°). 

a. (25 lb., 40°); (18 lb., 70°); (35 lb., 160°). 

3. (751b., 65°); (601b., 130°); (85 lb., 230°); (40 lb., 340°). 

4. Show that the resultant of two forces is repreaented by the diagonal of 
a parallelograin whose sides represent the two forces. 

37. Surreyii^!. — As a last illustration of the use of vectors, 

suppose a surveyor to start from 

A and run the following lines: 

AtoB, E. 20° N., 345 ft.; 

StoC, N. 25° W., 288 ft.; 

C to D, W. 18° S., 467 ft.; 

DtoE, S. 2° W., 424 ft. 

How far and in what direction 

ia he now from his starting point? 

In the figure each measurement 

is represented by a vector of proper 

length and direction. The side of one square represents 50 feet. 

We must determine I, the length of AE, and a = Z eAE. 

To do this we calculate: 

northerly component of AE 

= mm of northerly comp<menl& of Tneasured lines; 

easterly component of AE 

= sum of easterly components of Tneasured lines. 

Here a negative northerly component is to be counted as a 

southerly component, and a negative easterly component is to be 

counted as a westerly component. Then 

AE = v(sMwt of north-comp's)^ + {sum of east-comp's)^; 

sum of noTth-componerUs 

tana = ^ ; r — 

sum of east-componemis 

Exercise. Draw a figure to scale, showing the above data, and meaaure 
AE and a. Also calculate AE and a. ^ 
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38. Exercises. 



1. The hjrpotenuse of a right triangle is 500 ft. long, and one of its acute 
angles is 28° 32'. Show that the perpendicular from the vertex of the right 
angle to the hjrpotenuse is 209.9 ft. 

2. If in Exercise 1 the h3rpotenuse is c ft. and the angle is a, show that the 
perpendicular is c sin a cos a. 

3. From a point in the same horizontal plane with the foot of a tower the 
angle of elevation of its top is 11° 29'. From a point 100 ft. nearer to the foot 
of the tower the angle is 13° 18'. Find the height of the tower. Ans. 144.5 ft. 

4. From one bank of a river the angle of elevation of the top of a tree on 
the opposite bank is 40° 22'. On moving back 120 ft., the angle of elevation 
is 29° 37'. Find the height of the tree and the width of the river. 

5. At a certain point in the same horizontal plane with the foot of a column 
25 ft. high, the angle of elevation of its top is 50°. What will be the angle of 
elevation at a point 15 ft. farther away? Ans. 34° 48'. 

6. A column 75 ft. high stands on a pedestal 25 ft. high. From a certain 
point on the ground in the same horizontal plane with the foot of the pedestal, 
the latter subtends an angle of 15°. What angle does the column subtend 
at this point? Ans. 31° 58'.5. ; 

7. A vertical pole 30 ft. long, and standing on level ground, casts a shadow 
50 ft. long. What will be the length of the shadow when the sim is 10° higher? 

8. The equatorial radius of the earth is 3960 miles. Find the radius and 
circumference of the 40th parallel of latitude. Find the radius of the arctic 
circle. 

9. A billiard table whose dimensions are 36 in. by 72 in. stands with its 
long axis north and south, and a ball rests against the middle point of its 
southern cushion. Where should the ball be made to strike the western 
cushion so as to be deflected to the northeast comer? 

10. If a ship steams N. 25° W. at 18 knots an hour in a current which 
moves S. 35° W. at 4 knots an hour, and a passenger walks across the deck at 
right angles to the length of the ship at the rate of 3 knots an hour, determine 
the resultant motion of the passenger, in speed and direction. 

11. A ship leaves Boston light and sails E. 15° S., 25 miles; then E. 20° N., 
40 miles; then N. 35° E., 60 miles; in what direction should she now sail to 
return directly to the starting point? How far will she have to go? (Con- 
sider the surface of the ocean as a plane.) 

12. A weight of 100 lb. rests on a rough plane inclined at an angle of 24° 
to the horizontal. What is the pressure of the 
weight against the plane? (This pressure is due to 
the component of the weight perpendicular to the 
plane.) 

If it takes a pull of 20 lb. parallel to the plane to 
overcome friction and start the weight moving, will it 
slide down the plane or remain at rest? (Calculate 
the component of the weight parallel to the plane and note whether it is more 
or less than 20 lb.) 
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Part ni. Harmonic Analysis 

39. Simple Waves. — The graph of the function 

2/ = sin x 

is a wave curve of the simplest type, as shown in the figure on p. 13. 
Such a curve may be altered in several ways without destroying 
its simple wave form. We may change 

(a) the height of the crests, or amplitude of the wave; 

(6) the length of the wave; 

(c) the phase of the wave, depending on where it cuts the x-axis. 

In this way we would get a wave like that in the following figure, 
where the original sine wave is shown for comparison. 
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FvU linCf y = 1.5 sin (3 x — 4). 


Dotted liney y = sin x. 


Amplitude = OM - 1.5. 


Amplitude = 1. 


2ir 
Wave length = LN = -^ radians. 


Wave length = 2 ir radians 


Phase = OL = | radians. 


Phase = 0. 



The most general expression for the simple wave which results 
when all the above changes have been made in the wave for sin x, is 

y = k sin (ax + 6). 
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Example, y = 1.5 sin (3 a; — 4). (See preceding figure.) 

(a) The amplUvde. The greatest value of sin (3 x — 4) is 1, since the sine 

function cannot exceed this value; hence the greatest value of ^ is 1.5. This 

shows the height of the wave; that is, 

amplitvde = 1.5. 

(6) The wave-length. This is determined by finding the points where the 
wave crosses the a;-axis. These are marked by the values of x for which 
sin (3 X — 4) =0. But this is zero when the angle (3 x — 4) is an integral 
multiple of ir; 

sin (3 a; — 4) = if 3 *C — 4 = rrnr, or x = — 5 — radians, 

where m is any whole number. 

Putting m = 0, 1, 2, 3, . . . , we get the successive crossing points: 

4 ir+4 27r4-4 3x + 4 

xo = 3 ; xi =: — ^ ; X2 = — ^ — ; X3 = — 2 — ' ®^^- 

These values in degrees are, very nearly, 

xo = 76°.6; XI = 136°.6; X2 = 196°.6; X3 = 256°.6; etc. 

The distance between alternate crossing points, as xo to X2, is the wave- 
length: 

wave4ength = X2 — xo = — « ^ ~ "^ radians. 

This is one-third of the wave-length of the fundamental sine wave. 

(c) The phase. This is determined by the first crossing point, xo. Hence 

4 
phase = Xo = OL = ^ radians. 

in general, tor the wave y = ksia (ax + 6), 

amplitude — k; 

wave-length — — radians; 

Cv 

phase = radians, 

'^ a 

Exerc^es. Draw the following waves, showing each in com- 
parison with y = sin a;. 

1. 2/ = 2sin (x - 1). 3. 2/ = 2.5sin (2x + 3). 

2. 2/ = 3sin(2x -3). 4. 2/ = 4sin (3x - 60°). 

5. Prove the statements made above regarding y = A; sin (ax + b), 

6. Draw the graph of e = 110 sin (240 wt — ir). 

This equation describes the rise and fall of the electromotive force at a 
fixed point in an ideal alternating current circuit. 

Here e and t take the place of y and x; e stands for electromotive force in 
volts, t for the time in seconds. Show that the greatest value of the electro- 
motive force is 110 volts, and that there will be 120 vibrations per second. 
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In drawing the graph, use care in the choice of scales. Thus on cross- 
section paper, one square of the vertical scale might be taken to represent 
10 volts, and 10 squares of the horizontal scale might be taken to represent 
tJ^ seconds. 

40. Simple Harmonic Motion. — Referring again to the illus- 
tration of (24), the figure for which is reproduced here, we see that, 
as M moves around the circle, its 
projection M' moves back and forth 
along AC, 

When e = 0, M and M' are to- 
gether at A. Then, if we suppose 6 
to increase uniformly, M will move 
around the circle with uniform speed; 
but M' will move along AC with 
variable speed, slowly at first, then 
faster until it reaches 0; when its 
speed will be greatest, then more 

slowly until it reaches C, where it will come to rest and start 
back toward A, This type of motion is called simple harmonic 
motion, 

A body which has this motion vibrates back and forth past a 
middle position with variable speed. The distance of the body 
from its mid-position is called its displacement. From the figure, 

displacement ofM' = d = OM' = r cos B. 

When ^ = 0, d reaches its greatest 
value r, which is called the amplitude 
of the vibration. 

If we measure 6 from some other 
fixed radius OA' in place of OA, we 
shall have 

ci = r cos (^ + a). 

The greatest value of d is now reached 
when ^ + a = 0, or when ^ = - «; this 
angle is called the pJiase of the vibration. 

If we suppose the angular speed of the radius OM to be w radians 
per second, and t to represent the time in seconds elapsed since M 
was at A, then B = «t, and 

d = r cos (w< + a). 
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« 

This is an equation of the type 

y = k cos {ax + 6), 

and, like the equation 

2/ = fc sin (ox + &), 
is represented graphically by a simple wave curve. 

Exercise. Draw the graph of d = r cos (jut + a), when r = 5, w =» 3, and 

TT 



CHAPTER III 

Functions of Several Angles 

41. Formulas for sin {po + y) and cos (a? + y). — Let x and y 
be two angles, each of which we first assume to be less than 90°. 
Their sum will then fall in the first or the second quadrant. The 
two cases are illustrated in the figures, and the demonstration 
which follows applies to either figure. 





Construct Z XOP = x and Z POQ = y, the terminal side of 
X being taken as the initial side of y. 

From Q, any point on the termiaal side of y, draw perpendicu- 
lars NQ and PQ to the sides of aagle x, produced if necessary. 
Draw MP _L OX and KP ± NQ. 

Then Z KQP = x, and ia either figure, 



sin {x + y) = 



NQ 
OQ 

MP 



MP + KQ MP KQ 



OQ 
OP ^KQ 



OQ 
PQ 



OQ 



OP OQ ' PQ OQ 



Hence 

(a) 



sin (a? + y) = sin oc cos y + cos a? sin y. 

42 
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Also, noting that ON in the second figure is a n^ative line, 

ON OM-NM OM KP 



008 (i + y) = 



OQ OQ OQ OQ 

OM OP KP PQ 



OP OQ PQ OQ 
Hence 

(b) cos (05 + y) = cos X cos y — sin 07 sin y. 

42. Generalization of Formulas (a) and (6). — In the pre- 
ceding proofs we have assumed angles x and y less than 90°. By 
trial it will be found that the same proofs hold for figures drawn 
like those above with any two angles x and y. We shall not do 
this, but instead; shall use the method of induction to prove that 
the formulas are always true. That is, we shall show that if the 
formulas are true for any two given angles, they will remain true 
when either angle is increased by 90°. 

Let A and B be any two angles and assume that 

(a') sin {A + B) = sin A cos B + cos A sin B, 
(6') cos (A + B) = cos A cos S*— sin A sin B, 

In (o') change A to A + 90° = A'; then prove that 
(a") sin {A' + B) = sm A' cos B + cos A' sm B. 

The left member of (a") reduces to 

sm (A' + B) = sm (A + B + 90°) = cos (A + B). (17) 

The right member of (a"), with A' replaced by A + 90°, gives 

sm (A + 90°) cos B + cos (A + 90°) sin B 

= cos A cos B — sin A sin B. (17) 

Note, By drawing a figure with an angle A in any quadrant, and then 
drawing the angle A + 90**, it can be seen directly that 

sin (A -h 90°) = cos A, and cos (A + 90**) = - sin A. 

Hence (a") follows from (6'), which was assumed to be true. 

If in (a') we replace B by B + 90°, it follows in precisely the 
same way that the new equation is true. 

Similarly it can be shown that (6') remains true when either A 
or B is increased by 90°. 

We have now shown that if formulas (a') and (6') are true in any 
given case, they are still true when either angle is increased by 90°. 
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But they are true when A = x and B = y, x and y being acute 
angles; hence they are true when A = x + 90°; if true for A = 
X + 90°, they are true for A = x + 2 • 90°; and so on. Similarly 
for the angle B. 

In a similar manner it can be shown that formulas (a) and (b) 
remain true when either angle is diminished by 90°. 

Using the letters x and y in place of A and B, formulas (a) and 
(b) are true for all values of x and y, positive or negative. 

43. Formulas for sin (05 — y) and cos (a? — y). — Replacing y 
by — 2/ in (a) and (b), we have the two equations 

sin (x — 2/) = sin a: cos (— 2/) + cos x sin (— y) ; 

cos (x — y) = cos X cos (— y) — sin x sin (— 2/)- 
But cos (— 2/) = cos 2/ and sin (— 2/) = —sin 2/. (18) 

Therefore the two preceding equations become 

(c) sin (aj — y) = sin 05 cos y — cos x sin y; 

(d) cos (x — y) = cos x cos y + sin x sin y. 

Equations (a), (b), (c), (d) are usually called the addition and 
subtraction formulas of trigonometry. All tl^e other working 
formulas are deduced from. them. 

44. Formulas for tan (x ± y) and cot (xdzy). — Dividing, (a) 

by (b), we have 

, , V sin (x + y) sin x cos y + cos x sin y 

tan (x + y) = — 7 — 7-\ = '- ^~^ 

cos(x + 2/) cosa:cos2/ — smxsmj/ 

sin X cos 2/ cos X sin 2/ 
_ cos X cos y cos x cos y 
" sin X sin y 



1- 



C0SXC0S2/ 



Hence, 



(e) tan(x + y)= 7- r—^* 

^ '^ ^ ' '^^ 1 — tan a? tan 2f 

Similarly, 

/r\ i. / I \ cot gg cot y — 1 

(f) cot (x'+y)= — T r-^-T — • 

^ ^ V ■ ^/ cot 0? + cot y 
Also, from (c) and (d), by division, 

/ \ X / \ tanag — tany 

(g) tan(x-y)= ^_^^^^^ . 

/u\ -^*/ \ cot a; cot y + 1 

(h) cot(x-y)= ,^ty_^t^ ' 
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Exercises. 

1. If sin a; = f and sin y = f , calculate sin (x + y). 

Four answers: A [± 3 =fc 2V2I.] 

2. If cos X = i and cos y = A> calculate cos (a; + ^). 

3. If sin a = {i and sin/S ^ t|V> calculate cos (a — /S). 

Show that, 

4. sin (60° + x) - sin (60° - x) = sinx. 

5. cos (45° H- ^) - cos (45° - ^) = - V2 sind. 

* X /. I X . COS (^ — <A) 

6. cot e + tan <^ = -r-)- ~ 

sin ^ cos 

7. cos (A - 45°) - sin (A H- 45°) = 0. 

8. sin TuB cos + cos nd sin = sin (n + 1) 0. 

9. tan^^ + i) + ^°^ (^ - 5) = ^• 

^^ sin (a—0) , _ , 

10. -: — ^ — : — i = cot ^ — cot a. 
sin a sin /8 

^. tan (45° + B) ^ (1 + tan g)« 

tan (45° - 0) (1 - tan 6)^' 

12. From the functions of 30° and 45° calculate the functions of 75°. 

13. From the functions of 45° and 60° calculate the functions of 15° and 
those of 105°. 

14. From the functions of 135° and 300° calculate the functions of 165°. 

For convenience we collect formulas (a), (b) . . . , (h) and form 
Group B, nmnbering them consecutively with the formulas of 
Group A. The formulas for cot (x =b y) may be omitted; in place 
of them use the formulas for tan {x ± y) with the fractions in- 
verted. 

Fonnulas, Group B. 

(9) ^(x + y)= sinxcosy + cosx^y. 

(10) cos (a5 + y)= coso^cosj^ — ^nxsiny. 

(11) sm(a5 — y)= sina?cos^ — cosossin^. 

(12) cos (a? — y)= cos a? cos ^ + sin a? sin if . 

tan (a? + y) = :; — . . ^ > 

1 — tanxtany 

cot X cot y — 1 



(13) 



(14) COt(x + y)= ^ ^ ^ 

cotoj + coty 

/ic\ j^ / \ tana? — tany 

(15) tan{x-y)= -— ^. 

l + tanojtany 
ria\ x/ N cot g g cot y + 1 

(16) COt(^-y)=——-^. 
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45. Functions of2x. — Putting y = xm(9), (10) and (13) of 
Group B, we have 

(17) sin 2 05 = 2 sin a? cos », 

(18) cos 2 05 = cos'* 35 - sin'* a?, 

= 1 — 2 sin* 35, 

= 2 COS* 05—1. 

2tanx 



(19) tan 205 = 



For cot 2 X use 



1 — tan'* 05 
1 



tan2x 



Exercises. 

1. Verify these fonnulas when X is 30°; 45%' 150**; - 60^ 

Show that, 

2. sin 4 a; s 2 sin 2 a; cos 2 x. 

3. cos4x = 1 - 2sin22x = 1 -Ssin^xcos^a;. 

. 1 — cos 2 X 

4. : — n — tan or. 

sm2a; 

5. cot X — tan x = 2 cot 2 x. 

6. Calculate the functions of 2 a; when sin a; « A- 

Ana, sin 2 a; = =fc HS; etc. 

7. Calculate the functions of 2 a; when tan x = J. 

46. Functions of ^ a5. — The second and third values of cos 2 x 

in (18) are 

cos 2 X = 1 — 2 sin2 x, 

cos 2 X = 2 cos^ X — 1. 
Solving these for sin x and cos x respectively, we have 



../l-cos2x . , / l + cos2x 



smx 

Replacing x by J x, these become 
(20) sin 



1 . , / l - cos 05 



/r.^ X 1 . A /l + COS » 

(21) cos |a? = ± y 

Dividing (20) by (21), 



,^^. ^1 * /l — cos X 1 — cos 05 sm X 

(22) tanio5 = zbV — ; = : = — ; " 

^ ^ » V 1 + cos 05 sm 05 1 + cos 05 
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The second of these forms is obtained by multiplying both sides 
of the fraction under the radical sign by 1 — cos x. This gives 



, 1 .4 /(I — cosa;)^ . . /(I — cosx)2 1 — cos x 

tan I a: = =t V ^i 2 = =t v ^ — ^-^ — — = — ; 

▼ 1 — cos^ X ▼ sm-^ X sm x 

This fraction always has the same sign as tan § x, so the sign =b 
has been dropped. The third form for tan \ x comes from using 
the multiplier 1 + cos x instead of 1 — cos x. 



Formulas, Group C. 



l\ ""• cos QC 

(17) sin 2 a; = 2 sin a; cos x. (20) sin \qc = =by 



/oi\ 1 . 4 /l + cosa? 

(18) cos 2 X = cos2 a; - sin^ a? (21) cos ^a? = ±y ^ • 

= ^"^^^'" (22)tan|. = Wi^ 

= 2cos2a.-l. ^ Vi + cosx 

__ 1 — cos ag 

~ since 

2 t flp a? sin a; 

(19) tan 2a? = ^ 7^^ — = 7-^= 

^ ^ 1 — tan^ a? 1 + cos a? 

Exercises. 

1. Calculate the functions of 15° from those of 30°. 

2. Calculate the functions of 22i° from those of 45°. 

3. Calculate tan i x when cos x — \. Use all three forms. • 

4. Calculate the values of tan (2 a; — y), when sin a; = f and cos y == A* 

Show that, 

5. sin 6 a; = 2 sin 3 a; cos 3 2;. ^„ 1 + sec g ^ o • 21/1 

!«• ^ ^ — ^ sm* * g. 

o«^2 ^ sec g 

sec^ a; 

6. sec2a; = 2_gg^2a;* 13. sin/3 cot i/3 = 2cos2i/3. 

l-sin2x 1-tana; 14. 2+tan/3 tani/3 = , ^ ^^ ' 

'' C082X 1+tana; -r h ^h i_tan2i/3 

8. cos^g - sin4g = cos 20. 16. 2cot/S cot | = cot2 | - 1. 

co88gH-8in3g _ 2-sin2g ^ 

«• cose^+sing 2 • ^^ cos/9 ^+^^2 

10. CSC a; — tan a; = tan J a;. ' 1 — sin /S - ^ /S 

1 -- tan ^ 



IL (sin i g — cos J g)2 = 1 — sin g. 



2 
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47. Formulas for sin u db sin t; and for cos u =b cos v. — For- 
mulas (9) to (12) of Group B are 

sin (a: + 2/) = sin x cos y + cos x sin y, 
sin (x — 2/) = sin x cos y — cos x sin y, 
cos (x + 2/) = cos X cos 2/ — sin X sin 2/, 
cos (x — 2/) = cos a: cos 2/ + sin x sin 2/. 

Forming the sum and difference, respectively, of the first two 
equations, we have 

(p) sin (x + 2/) + sin (x — 2/) = 2 sin x cos 2/; 

(q) sin (x + 2/) "• sin (x — 2/) = 2 cos x sin 2/. 

Forming the sum and difference, respectively, of the other two 
equations, we have 

(r) cos (x + 2/) + cos (x — 2/) = 2 cos x cos y\ 

(s) cos (x + 2/) — cos (x — 2/) = ~2 sin x sin y. 

Now in the last four equations let 

X + y = u and x — 2/ = v. 

Then x= — ^ — ^^^ 2/ ~ — o"" 

Substituting in equations (p), (q), (r), (s), we have four for- 
mulas, called the addition theorems of trigonometry, namely 

Formulas, Group D. 

(23) sm «e + sm V = 2 sm — - — cos — ;; — • 



(24) sm t* — sm V = 2 cos —5 — sm — - — • 



(26) cos u + cosv = 2 cos — 5 — cos — 5 — 



• 



(26) cos w — cos V = — 2 sm — 5 — sm — - — • 

2 2 

The four equations (p), (q), (r), (s) are themselves often con- 
sidered as a group of formulas, and are repeated below, with right 
and left members interchanged. 
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Fonnulas, Group D' 

(230 3 sin a? cos y = sin (a? + y) + sin (a? — y). 

(240 2 cos aj sin y = sin (a5 + y) — sin (a5 — y). 

(250 ^ cos 35 cos y = cos (a? + y) + cos (x — y). 

(260 — 2 sin 35 sin y = cos (« + y) — cos (a5 — y). 



TP 7 1 au , , , sin x + sin 2/ 
Example 1. Snow that -: ■ — r— ^ = 



tan^±-^ 



Sin X — Sin 2/ , a; — y 



sm g + sin y 2 2 

sina; — siny~_ x -\-y . x — y 

2 cos ' ' sm — ^ 

X X -\-y 
, tan I^^ 

s= tan — j^ cot — jr-^ = • 

tan — =-^ 



^xampfe2. Show that ^^gi^llg =- V3. 

cos 75° H- cos 15** 2 cos 45° cos 30** x>.ro xo.^o /« 

;?co— ' T¥o = o • ^go ' ono = — cot 46° cot 30° = — VS- 

cos 76 — COS 16 — 2 sm 46 sm 30 ^ 

Exercises. Show that: 

1. sin 3 X + sin 5 X = 2 sin 4 a; cos x, 

2. sin 10 a H- sin 6 ^ = 2 sin 8 ^ cos 2 9. 

3. co8 2x + cos4x = 2cos3xcosx. 

4. sin 7 a —' sin 5 a = 2 cos 6 a sin a. 
6. cos 4 ^ — cos 6 ^ = 2 sin 5 ^ sin 5. 

6. cos X + cos 2 X = 2 cos-^ cos ^• 

7. sin 30° + sin 60° = V2 cos 15°. 

8. sin 70° - sm 10° = cos 40°. 

9. sin 5 X cos 3 x = i (sin 8 x + sin 2 x). 

10. 2 cos 10° sin 50° = sin 60° + sin 40°. 

^^ sinA+sinB . A -{- B 

11. ^ — i n = tan — pj — • 

cos A + COS B 2 

^„ sin ^H- sin 3^ , « /. 

12. — T-\ K-2 = tan2 5. 

cos ^ + cos 3 

13. 2 cos a cos /3 = cos (a — /3)+ cos (a + fi). 

14. sin 4 ^ sin ^ = i (cos 3 5 — cos 5 0). 

15. cos 8 X — cos 4 X = — 4 sin 2 x sin 3 x cos 3 x. 

16. sin(2xH-3y)H-sin(2x - 3y)= 2sin2xcos3y. 



/ 
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All the formulas derived above should be learned in verbal form 
rather than in terms of any particular letters. Thus: 

Formula (9). 

The sine of the sum of two angles equals sine of first times cosine of second 
plus cosine of first times sine of second. 

Formula (13). 

The tangent of the sum of two angles equals the sum of their tangents divided 
by 1 minu^ the product of their tangents. 

Formula (17). 

The sine of any angle equals twice the sine of half the angle times the cosine 
of half the angle. 

Formula (20). 

The sine of any angle equals plus or minus the square root of 1 minus the 
cosine of twice the angle divided by 2. 

Formula (23). 

The sum of two sines equals twice the sine of half the sum of the angles times 
the cosine of half their difference, 

48. Exercises involving the use of formulas (1) to (26). 

1. If sin X = I and sin j/ = {, find the value of sin {x + y) and cos {x + y) 
when X and y are both in the first quadrant. 

2. As in exercise 1, when x and y are both in the second quadrant. 

3. If cos X = J and cos y = A, calculate sin (x + 2/) and cos (x + y) 
when x and y are both in the first quadrant. 

4. As in exercise 3, when x and y are both in the fourth quadrant. 
6. If sin 2; = i and sin y = |, calculate all values of sin (x d= y). 

6. If sin a = f and sin /8 = |, calculate all values of cos (a d= /8). 

7. If cos a = } and cos /8 »= f , calculate all values of tan (a d= /3). 

8. Calculate sin (x + y + z) when sin x = J}, sin y = |f , sin 2 = }f, and 
Xf y, z sR lie in the first quadrant. 

9. As in exercise 8, when x, y^ z all lie in the second quadrant. 

10. Calculate cos (x + y + z) when cos x = f , cos y *= A> cos 2 = A* *^Jid 
X, y, 2 all Ue in the first quadrant. 
, 11. As in exercise 10, when x, y, z all lie in_the fourth quadrant. 

12. Calculate tan (x + y) when tan x = V3 and cot y — V3. 

13. Calculate all values of sin 2 (x — y) and of tan (2 x — y) when tan x = f 
and tan y = V. 

14. Calculate all values of cos (a + /8) when tan a ^ m and tan fi = n, 

16. Calculate cot (a — fi) when tan a = a + 1 and tan /8 = a — 1. 

X 1 

16, Calculate tan (a + /8) when tan a = — r— r and tan fi = 



x + 1 ^ 2x + l 

17. If tan a = I and tan (3 = t^y, calculate tan (2 a + /3). 

18. Calculate sin 75°, cos 75°, and tan 76°, by use of the relation (a) 76* 

^ ; (b) 76° = 135° - 60°. 
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19. Calculate the functions of 202}°. 
Prove the following identities: 

20. sin a; sin (y — 2) + sin y sin (2 — a;) + sin z sin (x — p"^ = 0. 

21. cos a; sin (y — 2) + cos y sin (2 — x) + cos 2 sin (a; — y) =0. 

22. cos (x + y) cos (x— y) + sin {y+ 2) sin (y — 2) — cos (x+ 2) cos (a;— 2) = 0. 

23. cos (x — y + 2) = cos x cos y cos 2 + cos a; sin y sin 2 

— sin a; cos y sin 2 + sin a; sin y cos 2. 

24. sin3x = 3sina; — 4 sin' x, ^^ sin (a + /3) ^ . ^ , ^ 

OK o >! ^ o «0' -^— ^ ^ = tanatan/3 + 1. 

26. cos 3 X = 4 cos^ a; — 3 cos x, sm a cos j3 

oa +0,, Q ^ 3tanx-tan8a; ^^ cos (« -- /3) ^^f p ■ 1 

26. tan3x= l-3tan2x ' ^^ sinasin^ =cotacot^ + L 

27. cot3a: = 5^i^;=l^. 32. «i^i^ = tan« - tan/S. 

3 cot^ X — I cos a cos /8 

OQ 4. An 4 tang (1 — tan^g) ^^ sin (a; + y) tana; + tany 
1 — Otan^g + tan^d sm (x — y) tan x — tan y 

29. ^^°+^> = tana + tang. 84. cos (^ + y) cot y - tan ^ 
cos a cos /8 cos {x — y) cot y + tan x 

36. wi (e + <t>) em (e — <l>) = cos^ </> — cos^ e, 

36. cos (m + v) cos (w — v) = cos^ u — sin^ t;. 

37. sin (A + 45**) = -^ (sin A + cos A). 



tang — 1 



»«-*(^-i) = I^4^- »»• *-(''-i)=tan, + l 

(^ I ^\ 1 + tan g 

41. tanfa+|j + tanfa — |j = 



40. tan 



tang 

8cot« 
cot^a -3* 

49. \/2sin (g - 45**) = sing - cosg. 



. 5t 5t ka • n 2tanx 

sm TTT cos T:r oO. sm 2 a? = 






^12 "^^12 61. sec2x = 



csc^a; 



csc2 X — 2 



48. tanf^+g) j^ r- 52. cotg - cot2g = csc2g. 

^ . ' tan T — g I 



¥^' 



66. 1 — cos 2 X = tan a; sin 2 x. 
1 +tan2g 



63. sec2gcos2g = 1 - tan2g. 

44. cos^gH-|j+sin^g-^j=0. 54. 1+ tangtan2g = sec2g. 

46. cot(g + |Wtanfg- j^ = 0. 

46. cot(g -|)+ tan(g +|) =0. ««• «^2g = j^^ 

r r r- »»8in2g,^ 

47. cot| + taii| = 2 v^. w. Y+ZS^e = **^*- 

48. 2coe|-V2+;^. 58. j-^^ = cot 9. 
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69. cot2^-l =2cot«cot2«. _ 1 --co82 a; 

60. 2 - sec2^ = 8ec2« cos2d. ^' ^^^ ^ " ITcosTi* 

fti cos^g 1+tang _. cosSg , sinSd „ ,«^ 

62. ^2^==2co82x^l. 66. tang + cotg^ 

cosa; cot«-tan^ eeo^c/., 

66. tan (45'* +</>)- tan (45** - 0) = 2 tan 2 0. 
g_ cos3 </> — sin' </> 2 + sin 20 

Of. ; ;: — ^ — • 

COS — sm 2 

68. ^ r— ^ = 1 + ism20 - ism220. 

cos — sin ' ^ * ^ 

^-. sin a; + cos x ^ ^ , 

69. ; — = tan 2 a; + sec 2 x. 

cos a; — sin X 

70. 8in2a;taii2x= ^^^""^^ 



1 — tan* X 

71. cos2 e + sin2 ^ cos 2 = cos^ + sin^ cos 2 $, 

72. 1 + cos 2 (« - 0) cos 20 = cos^d + cos2 (« - 2 0). 




76. tanx = ,l^^ + ^^^^ . 
l+cosa5 + co82a; 



cosi X + 

74. >— ^ = sec2a;-taji2x. 76. tana; = , sin2x-8ina; 

1 — cos a; + cos 2 a; 

77. sec2^-itan2^sin2(^ = ^5j^|±^ 

cot2 e - tan2 d 

^^ sing-cosg ^ 4/ l-8in2g 84. l±i?^ = 2cos2^. 

sind + cosd Vl+sin2« 8ec0 2 

sin^ + cosgj =H-8m9. 86. see* | = 2 tan | esc x. 

80. («n| - co8|K 1 - sine. 86. l+£^ = cot^?. 

x^-^y sm30 2 



'O 



1 - tan| 87 1+ sin 45' _ 

81. . ^Q«.^ = 2. 87. ^^450 - tan67i 



1+sind 1 I 4.„ ^ 

l+taiig 88. 



sec ^ + tan d 



—(j+i) 



a? 

1+tan^ ^ l+sinof-f cos a; ^x 

on ^ I A *'•'• 1 — ; : = cot— • 

oA. = sec a; + tan x, 1 + sin.x — cos x 2 

1 — tan TT nr—. : — -— 

2 90. tan^^Vl^J^^IIL^Elf. 

fts +0,1^ fow^ * ^ 2 ▼ 2smx + sin2a; 

89. tan aj — tan 75 = tan 75 sec a;. ^^ y^ . «.„ /- 

2 2 91. V3sm 76° - cos 76** = \/2. 

93. sin-y cos^ -sm-y cosy + cos49sm29 = 0. 

98. sin 4 aj + sin 2 a; = 2 sin 3 a; cos a;. 



coB^a. 
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94. sin3a; + 8in5a; = 88ma; cos^ a; cos 2 a;. 

96. '^l]ToZ^'']^o -'k'^^ «7. coBl00»-co8 40«=-Bm20^ 

cot 15 + tan 15 2 

^ 1- V2sin75° ^ . [x^ \ ' ['^ \ ' 

96. -= = — eoteO® 98. sinl o + a )— sinl^ — a) = sma. 

l->/2cos75^ coTJOU. ^3-r J ^3 j 

99. cosf^+aj — cosf^ — a] = — V2sina. 

100. cos (^ + </►)+ sin (d-</^) = 2cosf^-«jcos(^+<^y 

101. 28infa + ^jsin {«~7) = ^^^ « — 

102. sin(^ + a j— sin (^ — a j== Visina. 

103. sin 40** - sin 10° = — ^-^ cos 25^ 

tt%A o n ' 9 4AK sin 75** + sin 15° ^/s* 

104. cosSx — cosx = — 28m2xcosa;. 106. . -Ao — = — Tro = ^3. 

sin 75 — sm 15 

^^ cosx + cosy ^ _ ^x±y ^x-y^ 

COS a; — cos y 2 2 

.^ si n 50° + .8in 40° , ^^ sin 140°+ sin 80° ^/^ .^o 

107. KAo-r tTao = 1- 108. . ...^o • 0^0 = -^3 cot 20°. 

COS 50 + cos 40 sin 140 — sin.SO 

-fto (sing + sin/3) (cosa + cos/3) « a — (3 

(sin a — sm /3) (cos a — cos p) ^ 2 

--n (sing + sin/S) (cos« - cos/3) i.„^2?L±^ 

110. 7-: ; — ^7-7 j ^ = — tan^ — J5 — • 

(sm a — sm/3) (cos a + cos/3) 2 

. (sin 75° + sin 15°) (cos 75° + cos 15°) 

^^ (sin 75° - sin 15°) (cos 75° - cos 15°) ~ 

110 cos 2 g + cos 12 a; , cos 7 a;—. cos Zx , 2 sin 4 a; _ ^ 

11^. ^ I 5 "i r T ; — jr — U. 

COS 6 X + cos 8 X cos a; — cos Zx sm 2 x 

113. sina; + sin2a; + sin3a; = 4 cos \ x cos a; sin ) x. 

{Hint, Replace sin a; + sin 3 a; by 2 sin 2 a; cos x and sin 2 a; by 2 sin x cos x\ 
from these results factor out 2 cos x and combine the remainders by the for- 
mula for sin tt + sin v.) 

114. sinx — sin2x + sin3x = 4sin}x cos x cos ) x. 
116. cos X — cos 2x + cos3x = 1 — 4sinix cos x sin | x. 

^^^ sin ^+ sin 2d + sin 3d . „^ 

116. T-^ o/> ■ ' — o-s = tan2d. 

cos d + cos 2 d + cos 3 d 

117. cos 20° + cos 100° + cos 140° = 0. 

118. cosd + cos3d + cos5d + cos7d = 4cosdcos2d cos'4d. 

119. sind + sin3d + sin5d + sin7d = 16 sin d cos^ d cos^ 2 d. 

120. 4 sin2 </» cos2 + (cos^ 4* - sin^ <^)2 = 1. 

121. (cos X cos y + sin X sin y)^ + (sin x cos y — cos x sin y)* = 1. 

^«« tan 3 X — tan X , ^ 

122. rr-r-: — 5 — i = tan 2 x. 

1 + tan 3 X tan x 

123 tan(n + l)g-tannd ^ 
• l+tan(w + l)dtannd 



h , ., . . /a + b , , /a — b _ 2coeg 
a' va — ova + 6 *^co&2x' 
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-o- tan (^ + <^) — tan ^ - ^ 

1 + tan (d + 0) tan ^ 
126. tan(g-<^)+tan^ ^^^ 

1 — tan (^ — 0) tan ^ 

126. sin n<? cos B + cos n^ sin 9 » sin (n + 1) tf . 

127. 2csc4a; + 2cot4x = cota; — tan x. 

128. l-cos3x ^ jj^ rin3tf _ coe3» _ 2, 
1 — cos x sm ^ cos ^ 

130. Iftanx=^,showthati/^-±^ + i/^ 

131. 4cosS:z;sin3x + 4sinSx cosSx « 3sin4x. 

132. sin3x +sin3(120* +x) +sin8(240'' +x) =- fsinSa;. 

133. cos 6 a; = 16 (cos« x — sin« x) — 15 cos 2 x. 

134. 1 + tan« x = sec* x (sec* x — Z sin* x), 

3 cos X + cos 3 X 

136. sin 2 x sin 2 y = sin* (x + y) — sin* {x — y). 

137. sin 5 a sin a. — sin* 3 a — sin* 2 a. 

138. cos*a = J (3 +4cos2a + cos4a). 

139. cos2x + cos2j/ + co822+cos2(a; + y + 2) = 4cos(a5 4"!/)co8(y + «) 

cos (2 + X). 

140. sin2x + ^in*y + sin2 2 + sin2(a; + y + «) = 2 — 2 cos («+ j/)cos(y + 2) 

cos (« + x). 

141. cos*x + cos*y4"Cos*« + cos* (x + y — 2) = 2 + 2 cos (a? + y) cos(a5 — 2) 

cos (y — 2). , 

4^A •/ \ • • ..X — y.a: — 2.W + 2 

142. sm (x — 2/ — 2) — sm x — sm y — sin 2 = 4 sm — s"^^^ «^ '^"^^ — 

143. sin2a + sin2/3 + mn27 = sin2(a+/8 + 7)+4sin(a + /3)Bin03 + 7) 

sin (a +7). 

144. sin(a + /3-7) + sin(a — /8 + 7) + sin08 + 7 — a)-sin (a+/9 +7) 

= 4 sin a sin fi sin 7. 
146. COs(a+/3— 7)+COs05 + 7 — a)+COs(a+7 — /3)4- C08(a 4-/8 + 7) 

» 4 cos a cos /3 cos 7. 

1 . • 

146. Show that the equation sin x » a + - is impossible. 

147. For what values of a will the equation 2 cos x » a + - give possible 
values for X ? 

148. Show that 2 sin 5 = — VT+smx + Vl — sin x, when x lies between 
180^ and 360^ 

149. Show that 2 cos g = — Vl +sinx — Vl — sin x, when x lies between 
180° and 360** degrees. 

160. When x lies between 270'' and 360°, show that 



2 sin 2 = Vr^^Hnnx — Vl + sin «• 




CHAPTER IV 

Small Angles. Invebsb FxmcnoNS. Triqonohetbic 

Equations 

49. The limits of the ratios ?^5^ and ^55^- Let x=/. NOP 

X as 

(figure) lie between 0° and 90°; let NP be a circular arc with 
center at 0, and MP and NT ± ON. Then ^pjr 

MP<NP< NT; 

MP ^NP ^NT 
hence OP<OP^OP' 

or sin a; < X (radians) < tan x. 

That is, the radian measure of any acute angle lies between the sine 
and the tangent of the angle. 
From the last inequality we have, on dividing by sin x, 

1 < —. — < see X. 
sinx 

Suppose X to decrease and approach 0. Then sec a; = 1, and con- 

X sin X 

sequently also -: == 1 and •= 1. 

^ "^ sin a; x 

--, „ sin a? 
Hence lim = 1. 

Dividing the third of the above inequalities by tan x, we have 

cos X < 7 < 1; 

tanx 

letting X approach zero we have 

..tana? 
lim = 1. 

Hence, the ratio of eHher the sine or the tangent to the angle (in 
radians) approaches 1 as its limit when the angle approaches zero. 

55 



56 
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When angle x is small, these ratios will be nearly equal to 1 
that is, 

sinx ^ , J tanx - , 

= 1 + e and — :— = 1 + ei, 



X 



X 



where 6 and e\ are small quantities. Hence 

sin a; = a: + ex and tan a: = a; + e\X. 

Neglecting the small terms ex and eix, we have 

sin a: = tan x^x approximately, when x is small. 

Hence wfien x is smaU, sinx and tanx are nearly eqml to x (in 
radians). 

The degree of this approximation is indicated by the following 
values: 



Angle X . 
Degrees radians 

1° .0174532925+ 

1' .0002908882+ 

1" .0000048481 + 



sinx 
.0174524064+ 
.0002908882+ 
.0000048481 + 



tan X 
.0174550649+ 
.0002908882+ 
.0000048481+ 



Exercises. 

1. How large may x be if the approximations 

sina;:=:a; and tanx = a; 

are to be correct to fom* places inclusive? (Table.) 

2. In what decimal place is the error of the approximations 

sin 30^ = 30 sin 1** and tan 30** = 30 tan 1*»? 

3. How large may n be if the approximations 

sin n® = n sin V and tan n® = n tan 1** 

are to be correct to three decimals inclusive? 

4. As in exercise 3, for the approximations 

sin n' = n sin V and tan n' — n tan 1'. 

6. If the diameter of a ball is 1 ft., show that its angvlar diameter at a 
distance of 100 ft. from the eye will be nearly ,01 radians. If diameter is d 
and distance D, show that its angular diameter will be nearly d -i- D radians, 
provided D is large compared with d, 

6. Apply the last result to Exercises 15, 16, 17, 18 of (23). 
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50. Inverse Trigonometric Functions. — It is often convenient 
to specify an angle, not by its degree or radian measure, but by 
the value of one of its functions. Thus we may speak of 30° as 
"an angle whose sine is J." There is of course an ambiguity here, 
since 30° is only one of the angles whose sine is §. 

If X is an angle whose sine is a, we write 

X = sin~^ a, 

which may be read ^^x equals an angle whose sine is a," or ^'x equals 
the inverse sine of a," or "a; equals anti-sine a." 
Similarly the equation 

X = tan~^ a 

is read "a; equals an angle whose tangent is a," or "a; equals the in- 
verse tangent of a," or '^x equals anti-tangent a," and so on for the 
other functions. 
Obviously the equations 

a; = sin~^a and sin a; = a 
are equivalent. Similarly for 

X = tan-^ a and tan a: = a, 

X = sec-^ a and sec x = a, 
and so on. 

It should be noted that ""^" in sin~^ a is not axi exponent; it 

might equally well have been written as a subscript, sin-ix, or 

in any other convenient way. The reason for writing it as above 

will appear by noting that, according to the laws of exponents, 

the algebraic equations 

X = b~^a and bx ^ a 

are equivalent. 

When it is necessary to write sin x with an exponent — 1, it 
should be written (sin x)"^, not sin-^x. 

To avoid any suggestion of a negative exponent, the symbols 
arc sin x, arc tan x, etc., are often used in place of sin~^ x, tan~^ x, 
etc. 

The smallest positive angle whose sine is a is often called the 
principal value of the symbol sin"^ a. Similarly for the other 
functions. 
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Usage here is not uniform. Sometimes the principal value is 
taken as that angle whose terminal line lies nearest to the initial 
line. Thus tan"^ (—1) would be taken as — 45®, instead of 
+ 135^ 

51. Equations Involving Inverse Functions. — In this article 
we shall restrict the symbol for the inverse functions to mean 
only the principal value of the function. Thus, sin"^ \ shall mean 
the angle 30° only, tan"^ 1 = 45°, and so on. 

Example 1. Show that siii~^ f = coer^ J. 

3 4 

Let X = sin-i^ and y = cos-i^J 

to prove that x = j/, 

or that sin a; ^ sin y. 

(We use the sine for convenience; any other function might be used.j 

Now sin X = ^ since x = sin- ^ •= • 

o o 

4 3 

Also cosy =s •=; hence sin y = yl — cos^y^ - . q.e.d. 

4 
Example 2. Show that 2 tan-i 2 = x— sin-* - • 

5 

4 

Let a; = tan- 12 and t/=sin-i«; 

6 

to prove that 2 x = ir — y, 

or that sin 2 a; = sin (ir — y) — sin y. 

Now sin 2 X = 2 sin x cos x. 

2 1 

But tanx = 2; hence sinx = —7= and cosx = — =• (28) 

4 

Therefore sin 2 x — ^ = sin y. q. e. d. 

u 

Observe that if x were not restricted to be the principal value of tan-i 2, 

2 

we might have sin x = —* 

V5 

2 
Example 3. Show that tan-i - + tan-i 2 + tan-i 8 =» x. 

o 

2 

Let X = tan-i^; y = tan-i2; 2 = tan-i8; 

1 2 

then tan x = ^ ; tan y = 2; tan 2 » 8. 

To prove that x + y +z = x, 

or that X + y = X — 2, 

or that tan (x + y) = tan (x — 2) = — tan z, 

XT x /* I \ tanx + tany J + 2 ^ , , 
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Example 4. Show that tan-^ a = sin-i . when a > 0. 

vTTo2 

Let X = tan-i ^^ and y = sin-^ 



a 



then tan a? = a and sin y = - , 

Vl +a2 

To prove that ^ — Vt 

or that sin x == siny. 

Now since x and ^ stand for principal values, and a is positive, both angles 
are in the first quadrant. 

Then from tan x = a we find (28) 

a 

sm x = , , 

which is sin y. q.e.d. 

Discuss the above example when the symbol for the inverse 
functions is assumed to stand for all angles having the function 
in question, instead of the principal value only. 

52. Exercises. 

1. Show that the equation in example 4 is not true for principal values 
when a is negative. (Try a = — 1.) 
Prove the following: 

2. tan-i I + tan-i ^ = "J. /g /g 

5 9 4 6. sin-iy^ + 2cos-iy| = 



3. 2tan-iJ =tan-iV- 



120^ 

7. 2 tan-i 4 = T — sin-i fj. 

4. tan-i 2 + 2 = tan-i (_ 3). 8. 3sin-i i = sm-i iJ. 

* 9. 2 cotri 2 = sec-i J. 

5. cot-i 2 + csc-i VlO = 7. 10. 4tan-4 =tan-l^ris + 7• 

4 O 2oVI 4 

11. tan-itt+ tan-i j + tan-i (- i) = ir. 

12. sin-i g + sin-i j^ + sin-i gg = |- 

13. cos-i li + 2 tan-i j = gin-i j. 

14. 2 tan-i } - csc-i J = sin-^ Jf • 
16. sin- 1 a = cos-i Vl - a^, if o > 0. 

2 7?l 

16. 2 tan-i m = tan-i 



1 -m2 



17. 2tan-i(cos2(^)=tan-i( ^^'^-^^^'^ ) 



ATote. The equation of Exercise 10 was used to calculate the value of ir 
to 707 places. 
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53. Trigonometric Equations. — A trigonometric equation is 
an equatiou which involves one or more trigonometric functions of 
one or more angles. Thus: 

sin^ X + cos a: = 1; tan ^ + sec ^ = 3; cot a esc a = 2. 

To find the values of the angle which satisfy such an equation, 
it is usually best to use a method adapted to the case in hand. 
We give here one general rule, which covers a considerable variety 
of cases. 

Rule: To solve a trigonometric equation^ express all its terms by 
w^ans of a single function; solve as an algebraic equation, consider- 
ing this function as unknown; find the angles corresponding to the 
valuss of the function so obtained. Check all answers by svbstitviion. 

Examples, 

1. sin2 X + cos X — 1. 

Expressing all terms by means of cos Xj we have 

1 — cos2 X + cos x = 1, or cos2 X — cos x =s 0. 
cos X = 0, or cos x = 1. 

Hence x may be any odd multiple of ^ or any multiple of 2ir; i.e., if n be 
any integer or zero, 

a: = ±(2n + l)^ or a;=±2nir. 

Exercise. Check these answers by substitution. 

2. tan.d+Bece — S, 

Expressing all terms by means of tan 6, we have 

tand ± Vl+tan2d = 3, or ± VI + tan2 e = 3 - tan«. 

Squaring and reducing, 

4 
tan 5 = = ; hence 6 = 63° 8' ± rnr. 

When n is odd, these values of do not satisfy the given equation. Hence the 

solutions are 

^ = 530 8' ± 2 nv. 

3. cot a CSC a B 2. 

Then ± cot a VI + cot2 a = 2, or cot* a + cot^ a =« 4. 

Hence cot a = ± V- } ± } Vi7. 

Using the upper sign under the radical (the lower sign makes a imaginary), 

we have 

^ cota = ± 1.2496 +; hence a= ± 38^*40' ± nr. 
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When n is odd, the values of a must be discarded. HeDce 

a = ± as** 40' ± 2 WTT. 

The reason for the additional yalues in the last two examples is that in 
example 2 we really solved both the equations tan d ± eecd ^ S, and in exam- 
ple 3, both the equations cot a esc a =^± 2, 

Examples lUtLstrating Special Methods. — These depend chiefly on trans- 
forming the given equation by means of some of the standard formulas. 

4. 2 sin2 a; — 3 sin x cos a? = 1. 

Since 2 sin^ x = 1 — cos 2 x and 2 sin x cos a? = sin 2 x, we have 

3 1 2 

1 — cos 2 a; — ^ sin 2 X =» 1, or tan 2 a; = — 5* 

Hence 2 x = tan-M - | J = - 33** 41' ± nx. 

a;= - le^'SO'.S ±n^- 

Exercise. Check these answers. Solve the given equation by e}q)ressing 
cos X in terms of sin x. 

6. sin 3 2/ — sin 2 y = 0. 

By formula (24) of (47) this becomes 

2 cos 4 y sin } y = 0. 
Hence cos Jy = or emiy =^0, 

e 1 

^y = ^i^n + 1)^, or ^y=-±nir. 

y =s it (2n + 1) ^, or y — di2nv. 

6.cosx + cos3x + cos5x = 0. 
Since cos x + cos 6 x = 2 cos 3 x cos 2 x, we have 

2 cos 3 X cos 2 X + cos 3 X == 0, or cos 3 x (2 cos 2 x + 1) » 0. 

Hence cos 3 x = 0, or cos 2 x = — - • 

3x = ±(2n + l)^, or 2x«±y^±2nT. 

a; « ± (2 n + 1) ^ or ± | ± nx. 

7. tan 4 a. tan 5 a » 1. 

This may be written tan 4 a = cot 5 a. But when the tangent of an angle 

A equals the cotangent of an angle B,A^B must be an odd multiple of ^ 

Hence 4a + 5a = ± (2n + 1)^ 

a=±(2nH-l)^ 
Here a is any odd multiple of 10°. 
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Otherwise thus: tan 4 a — cot 5 a = 0; 

, sin 4 a cos 5 a . 

hence i -. — = — = 0; 

cos 4 a sm 5 a 

sin 4 a sin 5 a — cos 4 a cos 5 a cos 9 a ^ 

or -: -. = = -: ; =— = 0. 

cos 4 a sm 5 a cos 4 a sm 5 a 

/. cos9a = 0, or 9a = =fc (2n + 1) |- 

Exercise 1. Check these answers. Draw figures for several values of a as 
10°, 30°, 60°, 70°. Discuss the case a = 90°. 

Exercise 2. In example 7, in passing from the first equation to the second 
we divide by tan 5 a, which is permissible only if tan 5 a 7^ 0. Justify the 
division. 

Exercise 3. Justify the division by cos 2 a; in example 4. 

8. asind + b cos ^ = c. 

We might reduce to sin 6 or cos d and proceed according to the rule of (58). 
A method much preferred in practice is as follows. • 

In place of a and b introduce two new constants m and M such that 

(a^mcosM, , ( m = V^T^ 

\u ' %M whence < ,^ ^ ,6 

(o^msmilf; /M = tan-i-- 

^ a 

The given equation then becomes 

m (sin ^ cos M + cos B sin M) = c or sin (^ + M) =» — . 
Hence if we let sin~ ^ x represent all angles whose sine is x, 

d + Jlf = sin-i — I or d = sin-i if. 

m m 

B = sin-i — :== — tan-i - . 

54. Graphic Solution. As an example, we take the equation 

sin 2 ^ + sin ^ + i = 0. 

We want the values of B which reduce the expression sin 2 ^ + 
sin ^ + i to zero. 

Let 2/ = sin 2 ^ + sin ^ + J. 

Calculate y for a series of values of ^, as ^ = 0°, 10**, 20®, . . . , 
and plot the points (^, y) in rectangular coordinates. The result- 
ing curve will show the approximate values of B for which y is zero. 
Any convenient scales may be used on the axes of B and y. 
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Let the student read oft the required solutions from the graph 
below. 



Graph of the expression sin 2 9 + sin e + J. 



Bzenise. By means of thb 


graph Bolve the equations 


(a) Bi 


n2fl + Bm 


.9-0; 


(b) ai, 


n2ff + Bin 


e=\; 


(c) A 


Q2e + Hin 


e = i. 


56. Exercises. Solve the following equations: 


1. 28m'i-3coHj=0. 


17. 


sec ps = CSC qx. 


2. 4Bm>a + l =%co6a. 


18. 


tan y — cot 6 v- 


3. Bma-coea = ->/2. 


19. 


aiiirt = 8in»9. 


4. tans -cots = 2. 


30. 


cot (30° - j) - tan (30' + 3 1). 


6. tan;8 + 3cotp = 4. 






6. 38m'a; + 4 = 78ini. 

7. 2(1 -Bine) =coee. 


31. 


I + Untf-tanf^ +jsV 


8. 15Bm9-5coBfl = 1. 


23. 


Bm4a = C0e5a. 


9. COH 2 1 = cos* X. 


33. 


Bin (60° - J) - Bin (60°+ 1) = 1 V3. 


10. 2cos2i = H-23mr. 


34. 


sin 2 e + Bin 4'e = v^ cos ». 


U. 4cot2«-cot:s-tan2e. SB. 


em(30°+e)-coa (60°+*)- - i V3. 


11 coee = 8in2(». 


36. 


sm4a-coa3o+8in2o. 


13. tan2x = 3tanx. 


3T. 


sin3j3 4-8in^ = coe;8 — coa3fl. 


14. Bin2v = coB3y. 


28. 


siiii + Bin2j + Bin3x = 0. 


15. tana=<cot3«. 


20. 


Bmx + Bin3x + Bin5ar = 0. 


16. cots*- tan*. 


30. 


coei + «»2a: = cOflll. 



Solve some of the above equationB graphically, in particular, 1, 2, 4, 5, 7, 8, 
2, 13, 14, 15, 26, 28, 20. 
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56. Simultaneous Trigonometric Equations. — We shall now 
give some examples to illustrate methods for solving a system 
of simultaneous trigonometric equations for several unknown 
quantities. To express answers concisely, we shall now use the 
symbols for the inverse functions to mean all the angles deter- 
mined by the given function. 

Examplea, 

1. Solve for r and d: r cos 6 = x, 

reme — y. 
Squaring and adding, r^ = a;2 + y«; 

hence r = db Va;2 + y^. 

Divide the second equation by the first, 

tand = -: hence d = tan-i-* 
x' X 

2. Solve for a and /3: 

a sin a -f & sin /3 = c, 

d sin a + e sin /3 = /. 

Solve for sin a and sin /9 as unknowns; hence get a and /3. 

Exercise. Carry out the solution of example 2. Is the solution possible 
for all values of a, b, . . . , / ? 

3. Solve for r and 0: 

ar sin ^ + &r cos ^ = c, 

aV sin ^ + bV cos d = c\ ^ 

Solve for rsine and rcosd as unknown; then proceed as in example 1. 
Exercise. Carry out the solution in example 3. 

4. Solve for x and y: 

y = sin Xf 

y = sin 2 a;. 

Subtracting, sin 2 x — sin a; = or 2 sin a; cos a; — sin a; = 0. 
Hence sin x = or cos x = i. 

X = ± nir or db 60** ± 2 wx. 

y = or db i V3. 

Exercise. Solve example 4 graphically. 

6. Solve for y and t: y = asm (nt + b), 

y = a'8m(nt + b'). 

Equating the values of y, and expanding, 

a (sin rU cos b + cos nt sin b) — a' (sin rU cos b' + cos rU sin b'). 

Dividing by cos nt and solving for tan ntj 

a' sin 6' — a sin b 

tannc = r # r?* 

a cos b — a cos b 

This determines a set of values of nt. Then y is obtained by substituting 
in either of the given equations. 
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6. Solve for r, 6j and 0: x — r cob 6 coa <p, 

y ™ r cos B sin ^, 
z = r sin 0, 

Dividing the second equation by the first, we have 

- = tan ^: hence 6 = tan-i -• 
X ^ X 

Squaring the first two equations and adding, 

a;2 + 2/2 = r2 cos^d; hence r cos = ± \lx^ + j/®. 

Combining this result with the third equation, as in example 1, we have 

z z 

tan d = .- : hence = tan- 1 



± ^Jx^ -h 2/2 ' ± \Jx^ + y^ 

r2 = a;2 + 2/2 + «2. 

67. Exercises. 



Solve for r and ^: 6. rsinfd + ^j = 2, 



1. r cos ^ = 3, 
r sin ^ = 4. 



rcofi 



2. r COS0 = 12, 7. r = sin (^ + 5)' 
rsind = -5. c, - I ^ i\ 

3. rcose = -9, \ . 
rsin = - 40. 8. r = 2sin ( 2^ +|]> 

4. rcos^ + 2rsin0 = 3, r =^Bm(e + ^\ 
rBine =^ I. 2ir 

Suggestion, Put x = d + -^; 

6. r (2sin^ + 3 cos^) = 1, ^ 

r(sin^ + 4cos0) = l. *^^^ 2^ + 3 = 20;-^. 

Solve for r, ^, and 4>: 

9. rcosd cos<^ «= 3, 10. rcosd cos<^ = - 1, 

r cos^ sin <^ = 4, rcos0 sin <^ = 1, 

r sin ^ = 5. r sin ^ = — 2. 

Eliminate d from the following pairs of equations: 

11. x = r cos 6; y = r sin 0, 

12. x = acos0; y — baine. 

13. a; = a^ cos^ 0; y ^ b^ sin^ d. 

14. -COS0 + ^sin0 = 1; ^sin0 — |cosd = - 1. 
a 'a 6 

16. Eliminate and ^ from the equations 

x = rcos0 cos^; y ^rcoae Bm4>\ z=rsin^. 

16. Eliminate 6 and 4> from the equations 

aj = acos^ cos^; y =» 6cosdsin<^; z = csin^. 



CHAPTER V 



Oblique Plane Triangles 

68. Between the six parts of a plane triangle there exist, aside 
from the angle-sum equal to 180°, two other fundamental rela- 
tions which we proceed to obtain. Additional relations will then 
be derived from these. 

The Law of Sines. — In any plane triangle, the sides are pro-- 
portional to the sines of the opposite angles. 

Let ABC be the triangle, CD one of its altitudes. Two cases 
arise, according as D falls within or without the base (figures). 





First figure. Second fi^re. 

From A ACD, h = bsinA; h = bsiniw — A) = b sin A ; 

From A BCD, A = a sin B; h = a sin B; 

equating the values of h, we have in either case 

6 sin A = a sin B, or a :b = sin A : sin B. 

By drawing perpendiculars from the other vertices and com- 
bining results we have the Law of Sines, 



(1) 



a : b : c = sin. A : sin B : sin C. 



69. The Law of Cosines. — In any plane triangle, the square 
of any side equals the sum of the squares of the other two sides, minus 
twice their product by the cosine of their included angle. 

In the above figures let AD = m. Then 

66 
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First figure. Second fijgwe, 

in AACDf m=6cos A; m=6 cos(7r— A) = — 6 cosii; 

inABCD, a2=ft2+(c-.m)2 a^=h^+(c+m)^ 

=A2+c2-2cm+m2 =h^+c^+2cm+m^ 
= 62+c2-2m. =62_|_c2+2cm. 

Replacing m by its value above, we have in either case, 
(2) a^ = b^ + c^-2 be cos A. 

(20 Similarly, b^ = a^+ c^ -2 ac cos B. 
(2") c2 = a« + 6« - 2 aft cos C. 

60. The Law of Tangents. — In any plane triangle, the dif- 
ference of two sides is to their sum as the tangent of half the difference 
of the opposite angles is to the tangent of half their sum. 

From the law of sines we have, 

a _ sin^l 
b sinB' 

By composition and division, and subsequent reduction we have, 

a — b sin A — sin B 





a + b 


sin A + smB 

2coai(A + B)8mi(A-B) 




2smi(A + B)cosi(A- B) 






= cot i (^ + B) tan H-<1 - -B) . 


That is, 
(3) 




a-h tanK^-B) 
« + » ^tan|U + -B) 


Similarly, 
(30 




a-e tan|(u4-C) 
a + c tan|U+C)* 


(^"\ 




h - e _ta3x\{B - C) 



h + c tan I (-B + C) 

The symmetry of these formulas makes them easy to remember. 
In actual practice, they are used in slightly modified form. Thus 
the first of them is written, 

tan I U - B) = f-^tani U + B). 
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61. Functions of the Half-Angles. — When the three sides of 
a triangle are known, its angles are best calculated by the formulas 
now to be derived. 

From the law of cosines we have, 

62 + c2 - a2 



cos A = 



2 6c 



In practice this formula is not convenient unless a, 6, and c 
happen to be simple numbers. Now 



sinM=v/ ^"^'^ ' Why not ± y/i^fii 



? 



But 1 - cos A = 1 - ^^-^~ — - 

2 be 

_ 2bc-b^-c^ + a^ 

26c 
^ a2-(6-c)2 
26c 

— (q + 6 — c) (g — 6 + c) 
2 6c 

Let 2s = a + 6 + c, or s = ^(a + b + c). 

Then a + 6 — c = 2(s — c), and a — 6 + c = 2(s — 6). 

TU 1 A 4"(5 — 6) (s — c) 

Then 1 — cos A = — ^^ ^r^^ , 

2 be 

and 

(4) 

Similarly, ^ 

(40 sm^^ = y^^ ^ ^• 

/Aff\ • 1 ^ 4 /(^ — a) (s — b) 
(4'0 sm| C = yi ^ i. 

Observe that the sides appearing explicitly under the radical 
include the angle to be calculated. 
To obtain cos J A, we have , 



^u-^'^^ 



-6)(«-c) 



1 . . /l + cosA 
cos i A = y 2 
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62 + c2 _ ^2 



But l + cosA = l + 



2 6c 

^ (6 + c)2 - gg 
2 6c 

^ (6 + c + g) (6 + c - g) 
2 6c 

_ 4 g (g — g) 
■" 2 6c ■ 



Hence 



(5) ooslA = \/'-^^- 

Similarly, 

(50 - cos I B = Jt^^3 



Dividing sine by cosine we have 



(6) tan|^ = v/-* -*)(•-*) 



8 {s — a) 



(60 

(6'0 

If 
then 
(7) 

(70 
(7'0 



tanhB = > / (« -«)(«- c) 

" V ,(«-&) 

♦a«l^ 4 /(*-«)* - ft) 



- = lA*- 


a) (« — b) (s 


-c) 


y 


8 




fnn 1 ,f — ... T! .., I 






loll o -^ — ' 




tnn It?— r. • 


■ 


• 


* 8 — b 




fnn 1 r* — ^ • 






uul 5 f^* — ' 





All these formulas should be memorized in verbal formy so that a 
single statement contains all three formulas of any one set. Thus, 
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In Any Plane Tbianole: 

Law of Sines. — Any two aides are proportional to the sines of their opposite 
angles. 

Law of Cosines, — The square of any side equals the sum of the squares of the 
other two sides minus twice their product by the cosine of their included angle. 

Law of Tangents. — The sum of two sides is to their difference as the tangent 
of half the sum of the opposite angles is to the tangent of half their difference. 

Half Angles. — The sine of half an angle equals the square root of the product 
of s minus each of the including sides divided by the product of those sides, {s 
equals half the sum of the sides.) 

— The cosine of half an angle equals the square root of s times 
s minus the opposite side divided by the product of the including sides. 

— The tangent of half an angle equals r divided by s minus (he 
opposite side, where r equals the square root of the product of s minus each of the 
three sides divided by s. 

62. Solution of Plane Oblique Triangles. — A triangle is deter- 
mined, except in such cases as will be specially mentioned, when 
three parts are given, of which one at least must be a side. The 
calculation of the other parts is called "solving the triangle." 

Four cases arise, according to the nature of the given parts. 

I. Given one side and two angles. 
n. Given two sides and their included angle. 
in. Given two sides and an opposite angle. 
IV. Given three sides. 

The method for treating each case will now be considered. 

63. Case I. Given one side and two angles, as A^ B^ a. 
Formulas for finding the other parts, C, 6, c. 

C = 180° - (A + B). 

From the law of sines, 

sin B sin C 

b = a- — J ; c = a-i — j* 
smA' smA 

Check. It is important to have a check on the accuracy of the 
calculated parts. For this purpose use any formula involving as 
many as possible of these parts. 
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In this case we use the law of tangents in the form : 

(c + ;») taji J (C - S) = (c - 6) tan i (C + B). 

Examph. Given A = 50", i3 = 60", o = 150. To find C, b, and c. 

We first make a graptdc solution by constructing a triangle 
having the given parts. 

Graphic Solution. Calculate C = 180" — (A+ B). Lay off a 
line segment equal to a and at its extremities construct angles B 
and C, prolongii^ their free sides until they meet at A (figure). 
Scale off the lengths of b and c. The figure shows approximately 

ft = 170, c = 180. 

No solution is possible when A + B > 180". 

Solution by Natural Functions. 

. C = 180" - (50" + 60") = 70". 

6 = 



BinB 


150 X 


.8660 


sin A 


.7660 


= 169.58. 




BmC_ 


150 X 


.9397 



Bin A .7660 

= 184.01. 

Check. 
353.59 X .0875 - 14.43 X 2.1445, 
or 30.94 - 30.94. 

Logarithmic Solution. 

C - 180° - (A + B). 

b = a- — -T ; logfr = logo + logsinB + cologsinA. 

c = 0-5—7; logc = loga + logsinC + cologsinA. 

Chech, (c + 6) tan} (C-B) -(c- 6) tan} (C + B); 
log(c+ 6) + logtan J (C- B) - log(c -b) + logtan J (C + B). 
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We now write out the following scheme, in which the entries are 
to be made in the order indicated by the numbers. 

A+B= (1) C = 180° - (A + J5) = (2) 

logo= (3) logo= (4) 

log sin B = (5) log sin C = (6) 

colog sin A = (7) colog sin A = (8) 

log b = (9) log c ^ (lO) 

h = (11) c = (12) 

Ckede. c + 6 = (13) c - 6 = (14) 

C-B= (15) C + B= (16) 

log(c + 6)= (17) " log(c-6)= (18) 

log tan i (C - B) = (19) log tan HC + 5) = (20) 

Now turn to the tables and take out all the logarithms required, 
inserting them in their proper places. Add to obtain log h and 

« 

log c. Look up 6 and c and apply the check. If the sums in the 
check agree, or difiPer only slightly in the last figure, the numerical 
work is correct. Then look up 6 and c. 

On making these calculations with the data in our example the 
scheme appears as below. 

A + B = 110°. C = 180° - 110° = 70° 

log a = 2.1761 log a = 2.1761 

log sin B = 9.9375 log sin C = 9.9730 

colog sin A = 0.1157 colog sin A = 0.1157 

log b = 2^2293 log c = 2.2648 

6 = 169.56 c = 184.00 

Check. c + 6 = 353.56 c - 6 = 14.44 

C - B = 10° C + B = 130° 

log (c + 6) = 2.5486 log (c - 6) = 1.1596 

•log tan |(C - B) = 8.9420 log tan ^ (C + B) = 0.3313 

Check sums : 1 .4906 1 .4909 

Remark. In calculating with four-place logarithms, three sig- 
nificant figures of the resulting numbers are usually correct. The 
fourth figure should be retained, but may be one or more units in 
error. It is rarely worth while to retain more than four significant 
figures. 

A similar remark applies to 5-, 6-, and 7-place tables. 
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Exercises. Solve the following triangles, including graphic 
solutions. 



1. a = 1000, 


A -50", 


B = 75°. 


2. o = 5.257, 


A =62° 36', 


B = 70° 43'. 


3. 6 = 7.918, 


B = 77° 10-, 


C = 64°50'. 


4. c = 0.00835, 


B = 131° 35', 


C = 35°41'. 


B. c = 3708, 


B = 59° 5', 


C = 33° 15'. 



64. Case n. Given two sides and the included angle, as 
a, b, C. ■ 

Example. Given 6 = 12.55, a = 20.63, C = 27° 24'. Solve the 
triangle. 

Graphic Solution. Construct angle C and on its sides lay off 
lengths a and b, starting from the vertex. Complete the triangle, 
and measure c, A, and B. 



A solution is possible provided < C < 180°. 

To solve the triangle we calculate i (A + B) as the comple- 
ment of i C; then 3 (A — B) is calculated by formula (3). Angles 
A and B are then determined and hence all the angles are known. 
We can then compute c in two ways by means of the law of anes. 
The ^reement of the two values of c furnishes a check on the 
computations. 

Fonnulas. 

i(A+B) = 90''-JC, 

taniC-A-B)^""*' 

~ ^nA fonB 
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Scheme for Logarithmic Sokition. 

a = (1) log (a - 6) = (6) H^ + B) = (5) 

6 = (2) colog (a + 6) = (7) H^ - 5) = (14) 

a + 6 = (3) log tan i (A + B) = (10) A = (15) 

a - 6 = (4) logtanHA - B) = (13) B = (16) 

loga= (8) log 6= (9) 

log sin C= (11) log sin C= (12) 

colog sin A = (17) colog sin B = (18) 

Check. logc= (19) logc= (20) 

c = (21) 

Logarithmic Solution. 

i (>4 + B)= 90° - iC = 90** - 13° 42' = 76° 18'. 
a = 20.63 log (a - 6) = 0.9074 i{A+B)= 76° 18' 

6 = 12.55 colog (a + 6) = 8.4792 h(A'-B)= 44° 58'.4 

a + 6 = 33.18 log tan HA +g)= 0.6130 A =131° 16'.4 

a-6= 8.08 log tan i (A --B)= 9.9996 B = 31° 19'.6 

loga= 1.3145 log 6= 1.0986 

log sin C= 9.6630 log sin C= 9.6630 

colog sin A = 0.0682 colog sin B = 0.2841 

Check. logc= 1.0457 logc= 1.0457 

c = 11.11 

Caution. Agreement of the two values of c is not a complete 
check; they may agree, yet both be wrong, due to an error in 
log sin C; check this very carefully. 

Note. If side b were greater than side o, the difference 6 — a would be 
negative, as also the difference A ^ B, To avoid negative differences in such 
cases, interchange letters in the formula for the law of tangents, and write it 

tan i (5 - A) = g-^ tan i (5 + A). \ 

Exercises. Solve the following triangles: 

1. a = 800, 6 = 895, C = 60^. 

2. a = 25.45, c = 21.60, B = 62** 30'. 

3. a = 223, 1> = 402, C = 101° 40^. 

4. 6 = 3124, c = 8976, A = 125'' 32^. 
6. 6 = .04544, ' c = .06400, A = 36° 08'. 
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65. Case m. Given two sides and an opposite angle, as 

Uf bf A.m 

This is known as the ambiguous case. We begin by studying the 

Graphic Solution. Lay off angle A and on one of its sided take 

AC = 6. With C as center and radius equal to a, strike an arc of 

a circle. The figures show the various possibilities arising in the 

construction, the first three for A < 90°, the last three for A > 90°. 







(e3 




>^>--v 



In each case the perpendicular from C on the other side of angle 
A is equal to 6 sin A. Inspection of the figures then shows that 

when A < 90° and a < 6 sin A, no triangle is possible; 

when A < 90° and a = 6 sin A, a right triangle results; 

when A < 90° and fe > a > 6 sin A, two oblique triangles result; 

when A < 90° and a = b, one oblique triangle results; 

when A > 90° and a = 6, no solution is possible; 

when A > 90° and a > b, one oblique triangle results. 

It is always possible therefore to state in advance what the 
nature of the solution in a given case will be. 

In a given numerical example the nature of the solution always 
becomes apparent during the progress of the computations. 
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Formulas. Given a,b,A. 



sinS = -BtnA. 
1 " 


[C - 180° -(,A+B). 


, ^BinC BinC 


b' - 180°-B. 




Sin A sin B' 



Check. The agreement of the values of c and & as calculated 
from the two expressions for each of them furnishes a partial 
check on the calculations. It does not guard against an error in 
log sin C, which may be cheeked independently. A surer check 
is furnished by the law of tangents. 

In carrying out the calculations according to the formulas abeve, 
the various eases shown in the figures are indicated as follows: 

(a) log sin B = 0; no solution, or right triangle. 

(b) retain both B and B'; two solutions. 

(c) A + B' > 180°, hence reject B'; one soluticm. 

(d) log sin B = 0; no solution. 

(e) A + B > 180° and A + B' > 180°; no solution. 

(f) ■ As m (c); one solution. 

Bxdmpfe. Given a = 602.3, b = 764.1, A = 38° 17'.3. 
Graphic Solution. This is shown in the figure, from which the 
unknown parts may be scaled off. 



Logarithmic Solution. 

The fifth figure is carried to avoid Bccumulation of error, 
able if all poeHble accuracy is desired. 
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log b = 2.88316 log a = 2.77981 log 6 = 2.88316 

colog o = 7.22019 log sin C = 0.00000 log ain C = 0.00000 

logsin.4 = 9.79217 cologsin A = 0.20783 cologsinB = 0.10448 

logsinB = 9.89552 logc = 2.98764 logc = 2.98764 

B = SI' SO'M c = 971.9 

B' = 188" 10'.0 logo = 2.77981 log& = 2.88316 

A+B= 90° 7'.3 log8mC' = 9.36960 log sin C" = 9.36960 

A+B' = 166''27'.3 colog ainA = 0.20783 colog em £' = 0.10448 

C = 89° S2'.7 log c* = 2.35724 log cf = 2.35724 

C = 13= 38'.7 c* = 287.6 

EzerciEes. Solve the tii&nglee whose pven parts are: 

1. a = 31.1, 6 - 37.4, A - 27" 18'. 

2. o = .0878, 6 - .0972, J = 65' 20'. 

3. o = 114.3, c - 134.6, A = 58° 6'.5. 

4. 6 - 2.72, c = 5.56, B = 29° 55'. 
6. 6 = 1392, c = 3218, C = 123° 39". 

66. Case IV. Given the three sides, a, b, c. 

The angles may be calculated from either the Bine, cosine, or 
tangent of the half-angles. When all three angles are wanted, 
it is best to use the tangent. There ia no solution when one side 
equals or exceeds the sum of the other two. 



Formulas. s = Ha + b + c); r = */^ 



(5 — a)(s — 6) (s — c) . 



tmM-j:^; taniS-ji^; tanJC-^ 


- c' 


Chech. iW+B + C)-90°. 




EmmpU. Given a - 428.6, b - 806.2, c - 542.4. 





Graphic Solution. This ie shown in the figure. By measuring 
we find A = 29°, B = 112", C = 38°. 
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Logarithmic Solution. 





a 


428.6 




b 


806.2 




c 

2s 


542.4 




1777.2 




s 


888.6 


8 


— a 


460.0 


8 


-b 


82.4 


8 


— c 


346.2 


Check 1777.2 



cologa 
log (s — a) 
log (s — 6) 
log (s — c) 



7.0513 
2.6628 
1.9159 
2.5393 



2 4.1693 



log r 2.0846 

log tan i il 9.4218 

log tan i B 0.1687 

log tan iC 9.5453 



Exercises. Solve the triangles whose given parts are: 

1. a = 112, 6 = 86 c 

2. a = .6852, b = .6284, c 

3. a = 55.33, b = 30.33, c 

4. o = .00150, b = .00181, c 
6. a = 1626, b = 1448, c 



§ii 14°47'.7 
ii5 55^51'.5 
iC 19^20'.5 

Check 89° 59'.7 

A 29"" 35'.4 
B IW 43'.0 
C 38° 41'.0 



179° 59'.4 



98. 

.6066. 

39.30. 

.00294. 

3075. 



67. Areas of Oblique Plane Triangles. — Referring to the fig- 
ures of (68), we see that h is the altitude drawn on side c as base. 
Hence if K denote the area of the triangle, we have 



(8) 



jff = I Ac = s €WJ sin B. 



1 

2 



Qi = a sin B.) 



Hence, the area of a plane triangle equals half the prodvct of two 
sides by the sine of their included angle. 

The area is also expressible in simple form in terms of the sides. 
In the formula above replace sin B by 2 sin ^ 5 cos \ B. Then 



K = acmi^B cos \ B 

= acJ ^^ - g) (5 - c)Js{s - b) 
V ac V ac 



by (40 and (5') of (61). Hence, 
(9) 



K = y/s (« — a){8 — b){8 — c) = r8» 

When the given parts of the triangle are such that neither of the 
above formulas applies directly, it is usually best to calculate 
additional parts so that one of these formulas may be used. 
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68. Exercises and Problems. 
1. 2. 

b » 5818, a ^ 91.95, c 

A = 36^ 66', b =. 29.25, A 

B = 7r 6'. c = 83.30. C 



a 
b 
C 



a 
b 
c 



a 

c 

C 



a 

c 

A 



b 
A 
B 

b 
B 
C 



a 

b 

A 



5. 

.2018, ' 
.1466, 

58° 47'. 

9. 

.04353, 
.00458, 
.03951, : 

13. 

.1968, 
.1183, 
22^ 32'. 

17. 

.000598, 
.000360, 
63° 50'. 

^1. 

64082, 
13° 31', 
15° 9'.4. 

26. 

.1974, 
51° 41'.8, 
93° 46'.1. 

29. 

632, 
741, 
27° 18'. 



I 



a 
b 
B 



b 
A 
B 



11782, 
14216, 
50° 20'.9. 

37. 

97.16, 
21° 13'.9, 
126° 26'.4. 



6. 

b = 1032, a 

c = 1368, b 

A = 23° 7'. A 

10. 

b = 8310, a 

c = 6366, c 

C = 49° 69'.7. A 

14. 

a = 3828, b 

6 = 4146, c 

c = 2964. A 

18. 

b = 7265, b 

c = 3218, c 

C = 48° 32'. C 

22. 

b = 3236, a 

c = 3610, c 

C = 56° 34'.5. B 

26. 

a = .0157, a 

b = .0428, > b 

c = .0588. A 

30. 

a = 10.33, b 

b = 5.03, c 

c = 6.68. A 

34. 

a = 44.44, c 

b = 77.78, A 

C = 58° 49^. C 

38. 

a = 675, a 

c = 375, 6 
A « 100*^ 66'.7. J? 



3. 

1307, b 

81° 52', A 

55° 41'. J5 

7. 

76.15, a 

94.05, 6 

21° 21'. A 

11. 

2.152, a 

1.589, b 

- 19° 12'.7. C 

15. 

.00279, a 

.00233, c 

'■ 57° 53'. B 

19. 

.5064, a 

.7458, 6 

10° 32'.8. c 

'23. 

= 0.01566, a 

: 0.01307, B 

42° 27'. C 

27. 

' 385.2, a 

■■ 455.3, 6 

: 41° 13'. A 

31. 

= 3110, a 

> 1466, 6 

• 52° 11'.2. e 

36. 

0.03765, a 

: 45° 29'.5, c 

: 120° 15'. 5 

39. 

'■ .00932, a 

.00850, b 

63° 40'. -B 



4. 

167.10, 
65° 49'.8, 
38° 37'.4. 

8. 

2748, 
8966, 
148° 35'. 



12. 

= 1064, 
= 1408, 
= 73°. 

16. 
2914, 
946, 
13° 11'.7. 

20. 

49.369, 
37.403, 
38.088. 

24. 

= 3459, 
= 44° 03', 
= 67° 10'. 

28. 

= 165, 
= 345, 
= 69° 18'. 

32. 

15.633, 
17.826, 
43.785. 

36. 

10728, 
7574, 
104° 20'. 

40. 

.0762, 
.0761, 
91° 30'. 
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In any triangle ABC, whose sides, opposite angles A, B, C, respectively, 
are a, b, c, show that: 

A B 

4L 6(«-6)cos?^ =a(«-a)cos2^. 

42. a=6cosC4-c cos B, 

43. (a — 6) j(l 4- cos C) = c (cos B — cobA). 
.. cos A , cos B , cos C a^-f l^ -{- c^ 

a c 2abc 

A B 

45. (6 4- c — a) tan ^ = (c-\-a — b) tan ^ • 

46. (6 + c) (1 — cos A) = a (cos B + cos C). 

47. (a2 - 62 4. c2) tanB « (a« 4- &» - c*) tanC. 

48. cot ^ 4- cot 2 4- cot 2^ = cot 2* cot ^^ cot ^ . 



49. The radius of the inscribed circle ■" ' ' 



isy/i 



8 

50. The diameter of the circumscribed circle is a esc A. 

51. Find /the lengths of diagonals and the area pf a parallelogram two of 
whose sides are 5 ft. and 8 ft., their included angle being 60°. 

52. Two sides of a parallelogram are a and b, their included angle C; show 
that the area is a5 sin C. 

53. The sides of a triangle are in the ratio of 2 : 3 : 4; find the cosine of 
the smallest angle. 

64. The angles of a triangle are as 1:2:3; the longest side is 100 ft.; 
solve the triangle. 

55. The angles of a triangle are as 3 : 4 : 5; the shortest side is 500 ft.; 
solve the triangle. 

56. The sides of a triangle are 4527, 7861, 6448; find the length of the 
median drawn to the shortest side. Arts. 6824. 

57. In A ABC, a = 466, b = 572, c = 321. Calculate the shortest altitude. 
Am. 261.5. 

58. In A ABC, a = 336, 6 = 215, c = 252. Calculate the length of the 
shortest median. 

Exercises 59-90, which follow, are problems in "Heights and Distances," 
so-called; they indicate some of the applications of Trigonometry to mensura- 
tion. 

m 

For example, the figure of Exercise 59 is a general figure applying to such 
problems as are illustrated by Exercises 71 and 72 below. The figure of 
Exercise 70 applies to such problems as appear in Exercises 82 and 83, which 
represent actual observations of the flight of an aeroplane and of a meteor 
respectively. 

In the figures, x, the unknown, is to be expressed in terms of the other 
parts, which are regarded as being given by measurement. Right angles are 
indicated by a double arc. In each case assume a set of numerical values for 
the given parts and calculate the numerical value of x. 
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69. 



60. 




X - 
See (32). 



sina sm/9 

m— — TT r 

smifi — a) 



61. 




X = w CSC 2 Of. 
(Note that A ABD is isosceles.) 




X — m 



sin/9seccK 



cos (a 4- /9) 

(AC = m sec a; L ADC = 90**- 
(a + /9) ; then apply law of sines to 
A ACD. Or, take x = BD - BC.) 

62. 




X =m cos a cos (a + /3). 
(First find AC in A ACD.) 



63. x = BC + CDy 

BC = m sin a, 

CD = (n — m cos a) tan (a •\- fi); 



or. 



BF + FD, 
ntana, 

FD = (n sec a — m) 



x 
BF 



sin/3 



cos (a + /3) 




fi4 ^-^ 8^^«8^^/^ r tan(^ + 7) ."I 
' ^- ^"^8in08-a)L tan/3 ^J 



= m 



sin a sin 7 



sin (/8 — a) cos (/9 + 7) 



(First find CD as in Ex. 59; then BC, then CE\ 
then a; = CE — CD. This gives first form; re- 
duce to second form.) A 
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65. a; = ^ [cot a db Vcot2 a-S]. 

(Let Z BAC = /3; then tan/3 = ^, and 
tan (a 4- /3) = — ; expand tan {a +13); substi- 
tute value of tan /8, and solve for x.) 




66. 



67. 




A b^ B O 

a; = cot""^ ( " "^ ^*^ " ) * 
(cot x = {AB+ EC) 4- a.) 




(Note that tan (x + a) = (a + b) 4- AB.) 



68. 



69. 



A 

(x + 6 




ocot (tan-ij-oj - &. 
ocotA; A=tan-ij-0.) 




Given Z BAC = Z CAD. 



4/6 + a 



70. 

CD is ± to plane of A ABC\ 
a and /8 are ^ of A ABC; 
7 and 5 are A in vertical planes, 
sin fi tan 7 . 



or. 



m 



X = m 



sin (a + /3) ' 

sin a tan 5 
sin(a+/8) 
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71. From a level plain, the angle of elevation of a distant mountain top 
is 5® 50'; after approaching 4 miles, the angle is 8° 40'; how high is the moun- 
tain? 

72. From a point on level ground the angle of elevation of the top of a hill 
is 14° 12'; on approaching 1000 ft., the angle is 17° 50'; how high is the hill? 
Arts. 1186 ft. 

73. From level ground the angle of elevation of the top of a hill is 11° 30'; 
after approaching 3000 ft. up an incline of 3° 27', the angle of elevation of the 
top is 21° 32'; how high is the hiU? 

74. From a point 60 ft. above sea level the angle between a distant ship 
and the sea horizon (the oflfing) is 20'; how far away is the ship? (Consider 
the surface of the sea as a plane, and the distance to the horizon 10 miles.) 
Ans. 8640 ft. 

75. A tower 100 feet high has a mark 40 feet above the ground. How far 
from the foot of the tower will the two parts subtend equal angles? 

76. A column 12 feet high stands on a pedestal 8 feet high. How far from 
the foot of the pedestal (and in the same horizontal plane with it) will column 
and pedestal subtend equal angles? 

77. A flag-pole 30 feet high, standing on ground which slopes upward at 
an angle of 20°, casts a shadow 50 feet long and extending directly down the 
hill. What is the altitude of the sun? 

78. The angle of elevation of the top of a building 100 ft. high is 60°; what 
will be the angle at double the distance? 

79. From a station on level ground due south of a hill, the angle of eleva- 
tion of the top is 15°; from a point 2000 ft. east of this station the angle of 
elevation is 12°; how high is the hill? 

80. On level ground, 250 ft. from the foot of a building, the angles of ele- 
vation of the top and bottom of a flag-pole surmounting the building are 
38° 43' and 31° 2' respectively;' find the height of the building and the pole. 

81. A flag-pole on a building subtends an angle of 7° 40' at a point on the 
ground 100 ft. from the building; on approaching 20 ft., the pole subtends 
an angle of 7° 50'; find the height of the pole and the building. 

82. To determine the height of an aeroplane, simultaneous observations 
from two stations were made as follows (see Ex. 70): m = 6236 ft.; a = 
72° 12', fi = 74° 10', 7 = 9° 24', a = 9° 37'. Show that the average of the 
two values of A is 1803 ft. 

83. To determine the height of a meteor, simultaneous observations from 
two stations were made as follows (see Ex. 70) : m = 18.3 miles; a = 56° 35', 
/9 = 104° 30', y = 53° 50', 8 = 56° 45'. Show that the average of the two 
values of h is 72.0 miles. 

84. On approaching 1 mile toward a hill, the angle of elevation of its top 
is doubled; on approaclmig J mile more, the angle is again doubled; how high 
is the hill? Ans. J V7 mi. 

85. A building surmoimted by a flag-pole 20 ft. high stands on level ground. 
From a point on the ground the angles of elevation of the top and the bottom 
of the pole are 53° 5' and 45° 11' respectively. How high is the building? 
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86. A and B are two points neither of which is visible from the other. To 
determine the distance AB^ two stations C and D are chosen and the follow- 
ing measm-ements made: CD = 500 ft.; ZACD = 30^ 25' 15"; ZACB = 
85° 40' 20"; ZBDC = 35° 14' 50"; ZiBDA = 80° 20' 25"; find AB. Ana. 
969.2 ft. 

87. In a chain of three non-overlapping triangles, the following data are 

known: 

AB = 1000 ft. 

AABCy AACD, ACDE, 

Z A = 44° 36', Z A - 56° 32', Z C = 55° 30', 

Z C = 40° 0'; Z C = 50° 20'; Z ^ = 77° 02'; 

calculate DE. (Express DE in terms of AB and the necessary angles by 

the law of sines.) 

88. In a chain of four non-overlapping triangles, the following data are 

known: 

AB = 11,289 meters. 

AABC, ACBD, ADBE, ADEF, 

Z A = 58° 10' 35", Z B = 86° 50' 0", Z D = 79° 12' 8", Z D = 50° 41' 5", 

Z 5 = 69° 55' 0"; Z C = 46° 48' 0"; Z 5 = 73° 29' 10"; Z ^ - 45° 20' 40"; 

calculate EF, Ana, 19955 m. 

89. The adjacent figure b^ 
shows a chain of four triangles 
in which all the angles, and 
AB = w, are known. To des- 
ignate the angles we use Ci, 
C2, Cs'for the three angles at 
C, and similarly for the other 
vertices. Calculate in turn xi, 
X2i xzy X4, and show that 

_ sin A 1 sin .82 sin C3 sin D\ 
sin C\ sin D2 sin Ez sin F\ 

(Exercise 88 gives such a chain of triangles taken from the Transcontinental 
Triangulation of the U. S. Geodetic Survey.) 

90. A tower 50 ft. high stands on the edge of a cliff 150 ft. high. At what 
distance from the foot of the cliff will the tower subtend an angle of 5°? Ans. 
59.1 or 513 ft. 

91. A right triangle whose perimeter is 100 ft. rests with its hypotenuse 
on a plane, the vertex of the right angle being 10 ft. from the plane. The 
angle between the plane of the triangle and the supporting plane is 30°. Find 
the sides of the triangle. 

92. The sides of a triangle are 100, 150, 200 ft. At the vertex of the 
smallest angle a line 100 ft. long is drawn perpendicular to the plane of the 
triangle. Find the angles subtended at the farther end of this line by 
the sides of the triangle. 

93. An equilateral triangle 50 ft. on a side rests with one side on a plane 
with which its plane makes an angle of 60°. How far is the third vertex 
from the plane? 
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94. As in exercise 93, if the triangle, instead of being equilateral, has sides 

45 V5 
40, 20, 30 ft. and rests on the shortest side. Ans, — 1 — • 

4 

95. The sides of a triangle are as 4 : 2 : 3, and the longest median is 10 ft. 
Find the sides and angles. 

96. The following measurements of a field ABCD are made: A to B, due 
north, 10 chains; B to C, N. 30° E., 6 chains; C to D, due east, 8 chains; cal- 
culate AD J and the area of the field in acres. (1 chain = 4 rods.) Ans. 18.76 
ch.; 7.578 A. 

97. The following measurements of a field ABODE are made: AtoB, due 
east, 25.52 chains; B to C, E. 40° 26' N., 22.25 chains; C to D, N. 48° 26' W., 
33.75 chains; D to Ey W. 31° 15' S., 18.32 chains; calculate EA and the area of 
the field in acres. 

98. In the field of exercise 96 how much area is cut off by a line due east 
through B? Ans. 3.62 acres, south of dividing line. 

99. In the field of exercise 97 where should an east and west line be drawn 
so as to bisect the area? 

100. In the field of exercise 97 where should a north and south line be 
drawn to cut off 30 acres from the western part of the area? Ans. 10.892 ch. 
east of A. 

101. If P be the pull required to move a weight TF up a plane inclined to 
the horizontal at an angle i, and fi the coefficient of friction, then 

„ „. sin i + M cos i 

Jr = W ; : — ;• 

COS t — M sm I 

Calculate P when W = 1000 lbs., i « 30°, m = 0.1. 

102. In exercise 101, what is i if P^= J TF and m = 0.1? Ans. tan-i A. 

103. If I be the length of a plane inclined to the horizontal at an angle i, 
fi the coefficient of friction and g the acceleration due to gravity (324- ft. per 
sec. per sec.) the time in seconds required by a body to slide down the plane is 



-v/. 



21 



g (sin i — fi cos i) 

What is T when I = 25 ft., i = 20°, m = 0.1? 

104. In exercise 103, find i when I = 100 ft., m = 0.1, T = 5 sec. Ans. 20° 7'. 

105. When light passes from a rarer to a denser medium, 
the index of refraction /u is determined by the equation 

sini 
* smr 

When fi = 1.2, what must be i (angle of incidence) to give 

a deflection of 10°? ^^ ^ 

106. Find the total deflection of a ray which passes through a wedge whose 
angle is 30° and index of refraction 1.4, if the ray enters the wedge so that the 
angle of incidence is 25°, and moves in a plane ± to the edge of the wedge. 
Ans. 12° 32'. 

107. Solve exercise 106 when the angle of the wedge is a, the angle of inci- 
dence if and the index of refraction m* 




CHAPTER VI 

Polar Coordinates. Complex Numbers. Db Moivre's 
Theorem. Exponential Values of sin x and cos x. 

Hyperbolic Functions 

69. Polar Coordinates. — We have made repeated use of the 
system of rectangular coordinates, in which the position of any 
point in the plane is defined by its abscissa and ordinate. A second 
system of coordinates defines the position of a point with reference 
to a single fixed line, called the initial line, and a fixed point on this 
line, called the origin or pole. 




In the figure, let OX be the initial line and the pole. We shall 
consider OX as the positive direction of the initial line. Let P 
be a point in the plane. The position of P is then fixed by its dis- 
tance OP = r from 0, called the radius vector, and by the angle 
XOP = dj called the vectorial angle. Then r, are called the 
polar coordinates of P, and the point is indicated by (r, 6), Simi- 
larly Pi is the point (ri, ^i). The coordinate d is positive when 
measured counter-clockwise from OX; r is positive when measured 
from along the terminal side of ^; it is negative when measured 
from along the terminal side of produced back through O. 
Thus the points (5, 30'') and (-5, 210'') coincide. Similarly with 
(- 3, 135'') and (3, - 45"). 

Exercises. Plot the following points: 

(1, 46°); (-1, 45°); (3, 60°); (3, -60°); (4, |) ; (2, -y); (3,^) ; 

Calculate the rectangular coordinates of each of these points, taking O as 
origin and OX as the o^axis. 
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70. Relation between Polar and Rectangular Coordinates. — 

Let be the origin and OX the initial line 
of a system of polar coordinates (figure). 
Let OX and 07 be the axes of a rectangular 
system of coordinates. Then 



X = r cos^, 
1/ = r sin 6; 



r = Vx^ + y^, 
e = tan-i y~. 

X 




71. Curves in Polar Coordinates. — When r and B are unre- 
stricted, the point (r, B) may take any position in the plane. When 
r and B are connected by an equation, the point (r, B) is in general 
restricted to a curve, the equation between r and B being called the 
polar equation of the curve. 

Example 1. Trace the curve whose polar equation is r 

Assuine a series of values for 0, calculate the 
corresponding values of r and plot the points 
whose coordinates are corresponding values of r 
and d. 



e 


= 0°, 


30^ 


, 6o^ 


90°, 


120°, 


150°, 


180°, 


r 


= 0, 


.5, 


.87, 


1.0, 


.87, 


.5, 


0, 


e 


-210^ 


> 


240°, 


270°, 


300°, 


330°, 


360°. 




r = - .5, - .87, - 1.0, - .87, - .5, 0. 

The graph is shown in the figure. For values 
oi e > 360°, and for negative angles, no new 
points are obtained. The curve is a circle, with radius = J. 

Example 2. Trace the curve r = 2 5. 
Here d is understood to be 
in radians. ^Y 

rt X X 3x _ 

5=0, 4* 2*"T' ^» • • •*• 
r = 0, ^,T, -2">2x, . . .00. 

For negative values of d we 

get corresponding negative 

values of r. The curve is the 

double spiral in the figure, 

the branches shown by the 

full Une and the dotted line being obtained from the positive and the negative 

values of respectively. 
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Exercises. Trace the following curves: 

1. r = 2 sin 0. 5. r = 1 + cos 6. 

2. r = cos 5. 6, r = 2 + sin 0. 

3. r = tane. 7. re = 1. 



4. r = sec 5. 



8. r = 2*. 



9. 


r = cos2^. 


10. 


r = cos 2 ^ 


11. 


r =*4. 


12. 


9 = -. 




72. Complex Nu mber s. — Let a and b denote any two real 
numbers and i = V— 1. Then the quantity a + ib is called a 
complex number. It may be considered as made up of a real 
units and 6 imaginary units, a X 1 + 6 X t. 

Real numbers can be represented by points on a straight line. 
To represent complex numbers geometrically, we require a plane. 

Let OX and OF be a system of rectan- 
gular axes, and P a point in their plane 
having coordinates (a, 6) (figure). Then 
the vector OP is considered to represent 
the complex number a + ib, and the ex- 
tremity of this vector, P, is called the rep- 
resentative point of the complex number 
a + lb. 

When 6 = 0, P lies on the x-axis, and the complex number 
reduces to a real number. Thus all points on the x-axis corre- 
spond to real numbers, and this line is called the axis of real 
numbers. 

Let P (figure) be a point (x, y) in the plane, and let z be the com- 
plex number represented by P. Then 

« = 05 + iy. 

Now take OX as the initial line and «. 
the pole of a. system of polar coordinates. 
Let the polar coordinates of P be (r, d). 
Then 

X = r cos d; y = rsind. 




Hence 



z = x + iy = r (cos 9 + i sin 9). 



Here r is called the modulus and d the angle of the complex 
number z. 
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When r is fixed, and 6 is changed by integral multiples of 2 t, 
we obtain a set of complex numbers of the foitn, 

z = r [cos (^ + 2 nw) + i sin (^ + 2 nw)]; 
n = 0, ± 1, ± 2, . . . . 

All these numbers have the same representative point. 

73. Addition of Complex Numbers. — The sum of two com- 
plex numbers, 

z = x + iy and z' = x' + iy', 

we define by the equation 

z + z' = {x + x') + i(y + y'). 

We proceed to consider this sum geomet- 
rically. Let P, P' (figure) be the repre- 
sentative points of 2, z' respectively. On 
OP and OP' as adjacent sides construct the 
parallelogram OPQP\ Then Q is the representative point of 
z + z'. For the coordinates of Q are (x + x', y + y'). This 
amounts precisely to vector addition of the vectors OP and OP' 
' (36). 

The diflference of the two complex numbers z and / we may 
define by the equation 

z- z' = {x-x')+ I (y - y'). 

Exercise. Give a geometric construction for the representative point of 
z — z'. 

74. Multiplication of Complex Numbers. — The product of 
the two complex numbers, 

2 = r (cos ^ + i sin 0) and z' = r' (cos d' + i sin 6'), 

we define by the equation 

zz' = rr' (cos 9 + i sin 9) (cos 9' + i sin 6'), 

the binomials to be multiplied in the usual way; thus: 

zz' = rr' [cos^ cos^' — sin^ smd' + i (sin^ cos^' + cos^ sin^] 
= rr' [cos (8 + 8') + i sin (8 + 8')]. 

Therefore the modulus of the product zz' equals the product of the 
modvli of z and z'j and the angle of zz' equals the sum of the angles 
of z and z'. 
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By repeating this process we find 

zz'z'' = rrW'' [cos (^ + ^' + ^'0 + i sin (^ + d' + B")\ 

and so on, for any finite number of factors. 
When the factors are all equal this reduces to 

^n ^ ^n ^^Qg n6 + i sin w8), 
n being a positive integer. 

Exercise. Show that the above definition of the product zJ is the same as 

zz! =xx' - m/ -^i (xj/ H-x'y), 
where z ^x •\-iy and 2' = a;' + tV . 

76. De Moivre's Theorem. — When r = 1, then z = cos ^ + 
i sin d. Hence by the above result we have 

(cos 9 + i sin e)** = cos n8 + i sin n8. 

This equation contains what is known as De Moivre's Theorem. 

76. Defimtion of «**. — Let p be any real numbf r^ positive or 
negative, rational or irrational. Then by analogy with the result 
for 2** when n is a positive integer, we define z^ by the equation 

7^ = v^ (cosi>8 + i sini>8). 



where 



z — r (cos ^ + i sin S). 



Then, if q also be real, we have 

zfi = r^ (cos g^ + i sin qd). 



and 



z^z"^ = rP+^'Fcos (p + g) ^ + i sin (p + g) ^] = «*•+«. 



All the rules for exponents will be the same when the base is a 
complex number as when the base is real. 

ExamjUes, 

1. Find the modulus and angle of 2 = 3 — 4 i. 

Here 3=rcos5; — 4 = rsin&. 

-4 



r = V324-42 = 5; tane = 
or, Q = tan-if _ J. 

The angle lies in the fourth quadrant. 



3 ' 
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2. Express 2 (cos 150° — i sin 150°) in the form x + iy. 

2 (cos 160° - i sin 150°) = 2^ - i V3 - |) = - VS - «. 

3. Find the value of (1 + i)« (2 - 3 i). 

(14-i)* = l + 2i + i* = 2i. 
(1 4- 1)* (2 - 3 i) = 2 i (2 - 3'i) = 4 i - 6 i» - 6 4- 4 1. 

Exercises. 

1. Find the modulus and angle of 

l-i; 4 + 3i; -5 + llt; 2i; 2; (l + i)(l-i); 
3V34-3i; (3V3-3i)^ (l + iV3)(V3 +i). 
Give figure for each case. 

2. Find the value of: 

(l+t)3; (l-i)4; (l+i)2(l + 2t)2; (3 -3i)2 (V3 + i)'; (l - W3)*. 

77. Theorem. If P and Q are any real quantities and if 
P + iQ = 0,thenP = and Q = 0. 

Proof. By hypothesis, P + iQ = or P = — iQ. 
Squaring, P^ = _ Q2 

Now P^ and Q^ (if not zero) must be positive, hence the last 
equation states that a positive quantity equals a negative quan- 
tity. This is impossible unless both quantities are zero. 

P = and Q = 0. 

This theorem is used to replace a given equation of the form 

P + iQ = 

by the equivalent equations 

p = 0; Q = 0. 

As a corollary we have, if 

P + iQ = P' + iQ', 
then P = P' and Q=-Q'. 

For the given equation is equivalent to (P — P') + i (Q — Q!) = 0. 

78. The nth Roots of Unity. — To solve the equation 

x" — 1 = 0, or x^ = 1, 

replace 1 by its value cos 2 fcir + i sin 2 fcTr, k being an integer. 

We obtain 

x" = cos 2 fcir + i sin 2 fcir. 
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Taking the nth roots of both members we have, by putting p = 



n 



2kT , . . 2kTr 
X = cos h^sm 



n n 

Here k may be any integer; letting fc = 0, 1, 2, . . . n — 1, we 
obtain n distinct values of x, that is, n distinct nth roots of 1. For 
other values of k we obtain the same roots over again. 

Geometric Representation of the nth Roots of Unity. — The 
nth roots of 1 are, 

k = 0; Xi = cos + i sin = 1, 



Jfc = 1; 
Jfc = 2; 



27r , . . 2x 

^2 = cos h t sm — , 

n n 

X3 = cos h ^ sm — , 

n n 



, - 2 (n - 1) IT ... 2 (n - 1) IT 

« = n — 1: Xn= cos — ^^ h ^ sm — ^^ — 

' n n 




The representative points of xi, X2, xa, . . . x„ are obtained as 
n equally spaced points on a circle of radius 1, the coordinates of 
the first point being (1, 0) (figure). 

To obtain the nth roots of any number a, we need only multiply 
one of its arithmetic nth root by the nth roots of unity. 



ROOTS OF UNITY 
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Example, Find the cube roots of unity. 
These are given by 

2 iCv . . . Z Kir , g\ t n 

X — coa—^ -^ism—^; «=0, 1, 2. 

k = 0; xi =cosO°+isinO° = 1. 
A; = 1; a:^ = cos 120° + isin 120° 

= -"2"*"2^3. 
Aj == 2; X3 = cos 240° + i sin 240° 



Vs. 




To find the cube roots of 8, we have \/8 = 2'\/I = 2;-l+i VS; -1 - i Vs. 
(We here use VS to denote any cube root of 8, not merely the principal root.) 

Exercises. 

1. Solve the equations x^ — 1 = and x^ — 8 = algebraically and com- 
pare with above results. 

Solve the following equations by the trigonometric method and give a figiu-e 
for each case: 



2. x4-l; 

3. a:4 = 81; 



4. a:5 = l; 
6. x5 = -^^^ 



o- 



6. x« = l; 

7. x^ = 27. 



79. To express sin n6 and cos n8 in terms of powers of sin 8 

and cos 8, n being a positive integer. 

We have 

(cos d + i sin d^ = cos n^ + i sin riB. 

Expand the left member by the binomial theorem, reduce all 
powers of i to it 1 or it i, and group the real terms and those 
involving i. The above equation then becomes 

cosn^ + isinn^ = f cos**^ ^-^^ — ^ cos"~2 ^ sin2 ^ ^ . . .J 

I-/ «i/i-/i n(n — 1) (n — 2) »q/»'i/»i 
+ iln cos^-i ^ sm ^ ^^ ^ cos'*-^ e sm^ 6 + • 

This equation has the form 

Hence by the corollary in (77) we have 
cos rud = cos" d ^^. — - cos'*"^ $ sin^ 6 + 



■)■ 



2! 
an nd = n cos"-i and — 



. • • 



n (n - 1) (n -• 2) 
3! 



cos**"^ 6 sin^ 6 + 
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Examj)le8. 

sin 4 ^ = 4 cos^ 5 sin ^ — 4 cos d sin' d, 

cos 5 ^ = cos^ 5 — 10 cos3 e 8in2 5 + 5 cos 5 sin* $, 

Exercises. Expand in powers of sin 6 and cos 0: 

1. sin 3d; 3. cos 40; 5. sin 60; 

2. cos 3d; 4. sin 50; 6. cos 70. 

80. Exponential Values oif sin x and cos x. — We shall assume 
the following expansions: 

^ = l + ^ + 2i + 3!+---'- 
8uix = x-3-j + 5-j , 

cos « = 1 - gj + ^j - • • • . 

These expansions are derived by the methods of Differential Calculus. 
(See the author's text on "Advanced Algebra and Trigonometry," under 
"Maclaurin's Series.") The letter e stands for an irrational number, e = 
2.7182818+1 which is the base of the natural system of logarithms. The last 
two series are used for calculating sin x and cos x, by putting for x its value in 
radians. Thus, to calculate sin 10°, put a; = 10° = 0.17453 radians. (Table 
IV.) 

In the first series replace xhy ix and define the result to be c**; 
noting that 

V — ^~ Xf % — "~" Ij I ■" X^ . • • I 

we obtain 

= ll-2! + 4! j+H'^'Si + Si 1 

Hence 

e** = cos 05 + i sin x. 

Replacing x by — a;; 

e"** = cos X — iwix. 

From these equations we find 

cos 05 = — ; sma5=- 



2i 



These formulas are useful in many applications of the trigono- 
metric functions. 
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Exercises. Using the exponential values of sin x and cos Xy show that: 

1. 8in2 X + cos2 x = 1. 3. cos 2 x = cos^ x — sin^ x. 

2. sin 2 a; = 2 sin a; cos x. 4. cos^ x — sin^ x = cos^ x — ean^ x, 

81. The Hyperbolic Functions. — In the expansions for sin x 
and cos x given at the beginning of (80) replace xhy ix and define 
the results to be sin ix and cos ix respectively. We obtain 






Sin 

cos ^^ = 1 + 21 "*■ 41 "*■ 



. . • 



These equations we consider as defining the sine and cosine of 
the imaginary quantity ix. 

Multiply the first equation by i and subtract the result from the 
second. We obtain 

cos ix — ismix = e^. 

Change x to —x; 

cos ix + i sin ix = 6~*. 

(Note that sin ix = — sin (— ix) by the definition of sin ix,) 
Combining the last two equations by addition and subtraction, 
we find 

cos IX = ^ — f sm la: = I — x — . 

We now define 

Hyperbolic cosine of a; ( = cosh x) = cos ix; 



Then 



Hyperbolic sine of x ( = sinh x) = - sin ix. 



cosh a? = ; sinh a? = — 



These functions are related to the hyperbola somewhat as the 
circular functions to the circle. 

Their values can be calculated readily from the values of e* and 
e"* given in Table VI. 

The remaining hyperbolic functions are defined by the equa- 
tions 
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» 

tanh a? = — r — ; coth x = r — r— i 

cosh a? tanh a? 

sech a? = — r — ; csch a? = -r-r — • 

cosh X sum a? 

Exercises. Show that: 

1. Binh = 0; cosh = 1. 6. cosh ( — x) = cosh x, 

2. anhirt-O; coshxi^-l. 6. cosh^ a; - sintf x = 1. 

S. flinh~=t; cosh^^O. 7. sech2 x = 1 - tantf x. 

4. sinh (— x) = — sinh x. 8. — csch^ x = 1 — coth* z. 

Draw the graphs of the equations (see Table VI): 

9, y = e^, IL 2^ s cosh x. 

10. y = «r«. 12. y s sinh x. 



CHAPTER VII 

Spherical Trigonometry 

82. Spherical Geometry. — We devote this article to a review 
of some facts concerning the geometry of the sphere. 

(a) A plane section of a sphere is a circle. When the plane 
passes through the center, the section is a great circle; otherwise a 
small circle. 

(6) Any two great circles intersect in two diametrically opposite 
points and bisect each other. 

(c) The two points on the sphere each equally distant from all 
the points of a circle on the sphere are called the poles of the 
circle. A great circle is 90° distant from each of its poles. 

(d) A spherical triangle is a figure bounded by three circular 
arcs on a sphere. In this chapter we consider only triangles whose 
sides are arcs of great circles. Any such triangle may therefore 
be considered as cut from the spherical surface by the faces of a 
triedral angle whose vertex is at the center. The face angles of 
this triedral angle measure the sides of the triangle, and its diedral 
angles the angles of the triangle. 

(e) If a triangle be constructed by striking arcs of great circles 
with the vertices of a given triangle as poles, the new triangle is 
called the polar triangle of the given one. 

Let the sides of the given triangle be a, 6, c; its angles A, B,C; 
let the sides of the polar triangle be a', 6', c' and its angles A', B\ C; 
we assume that A is the pole of a', B of 6', and C of c'; then 

a' = 180° -A; A' = 180° - a; 

and similarly for the other sides and angles. That is, any part of 
the polar triangle is the supplement of the part opposite in the given 
triangle. 

(/) The difference between the sum of the angles of a spherical 
triangle and 180° is called its spherical excess. 

The area of a sph^irical triangle is to the area of the sphere as its 
spherical excess, in degrees, is to 720°. That is, if B be the spherical 
excess in degrees and K the area, and R the radius of the sphere, 
then jp 
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83. Spherical Right Triangles. — Let be the center of a 
sphere and ABC u triangle on its surface having C = 90°. The 
triangle shown in the figure has each 
part, except C, less than 90°. The re- A 

suits below are true in any case, as may 'X V\ 

be shown by drawing other figures, or 
by assuming the right triangle as a / 

special case of the oblique triangle. / / 

Cut the triedral angle — ABC by /I 
a plane J_ OB, forming the plane right o\---"/'- 
A A'B'C\ with C = 90°. Then also Njf- ' 

As 0B'& and OB' A' are right-angled B^\ 

at B'. Further, Z A'B'C measures B 

Z B (82, (d)). Then 



A'C 

(a) sinB = sin A'S'C = 4S = M. = ^. 
^ ^ A'B' A'B' sin c 

~0A^ 

B'C 

/^N ^ AfTifry/ B'C OB' tana 

(b) COS B = cos A'B'C = -TTTT/ = ^:^ = t— — • 



A^'B' "X^f tan 



OS' 
(c) tan B = tan A'WC = ^ = ^ 

^ * JVC umr 



tan h 
B'C ~ WC ~ siDL a* 
OC^ 

Dividing (a) by (6) and comparing with (c) we have 
(<2) cos c = cos a cos b. 

By combining these equations we may obtain others by which 
any part of the triangle may be expressed directly in terms of 
any two given parts, the right angle excluded. These formulas 
are all contained in two simple rules. 

84. Napier's Rules of Circular Parts. — Let co-x denote the 
complement of any part x of the triangle. Take the complements 
of c. A, B, and arrange the five parts, a, 6, co-A, co-c, co-B, called 
circular parts in the order in which they occur in the triangle as 
in the adjacent figures. Then if any one of the five be taken as 
the middle part, of the other four parts two will be adjacent and 
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the other two opposite to this part. Thus, if co-c be taken as the 
middle part, co-B and co-A are adjacent, a and b opposite. 



(CO-)A 





Sine of Middle Part = 



Product of tangents of adjacent parts, 

or 
Product of cosines of opposite parts. 

Exercise. Taking each part, in turn as the middle part write out a com- 
plete list of formulas relating to the spherical right triangle. Derive these 
formulas from those given above. 

86. Solution of Right Triangles. 

Example. Given a = 35° 42'; B = 60° 25'. Find b, c, A. 
The diagram of circular parts is shown in the figure. Ta^ng 
(1), (2), (3) in turn as middle part we have 

(1) sin 35° 42' = tan 29° 35' tan 6; 

(2) sin 29° 35' = tan 35° 42' tan (co-c) ; 

(3) sin (co-A) = cos 29° 35' cos 35° 42'. 

Hence, ^^^^ 



tan 6 = 



sin 35° 42' 



cote = 



sin 29° 35' 




tan 29° 35' ' """ " tan 35° 42' ' 
cos A = cos 29° 35' cos 35° 42'. 

Check. The computed parts must satisfy the relation 

sin (co-A) = tan b tan (co-c), or cos A = tan b cot c. 
Compvtations. 

log log 

sin 29° 35' = 9.6934 cos 29° 35' = 9.9394 
tan 35° 42' = 9.8564 cos 35° 42' = 9.9096 



log 
sin 35° 42' = 9.7660 
tan 29° 35' = 9.7541 



tan 6 = 0.0119 
b = 45° 17' 
Check. 



cot c = 9.8370 cos A = 9.8490 

c = 65° 30' A = 45° 4' 

log cos A = log tan b + log cot c. 
9.8490 = 0.0119 + 9.8370. 
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Ambigiums Case. When the given parts are an angle (not the 
right angle) and its opposite side, two solutions are possible, be- 
cause the other parts are then cal- 
culated from their sines. The two 
triangles together form a lune, as 
A A' in the figure, where A, a are 
supposed to be the given parts. 

86. Quadrantal Triangles. — A 
quadrantal triangle is one having 
a side equal to a quadrant or 90°. 
Its polar triangle will be a right 
triangle, which may be solved by 
Napier's Rules. The parts of the 
given quadrantal triangle then be- 
come known by (e) of (82). 

Exercises. Solve the following triangles, C being the right angle: 




1. 



3. 



a = 137° 59', 
b = 58° 40'. 
a = 137° 50', 
c = 64° 40'. 
A = 5° 47', 
B = 85° 52'. 



7. 



6. 



6. 



8. 



c = 73° 35', 
B « 101° 13'. 

a = 74° 7', 
A = 75° 6'. 



h = 44° 26'. 
10. b = 36° 10', 12. 
C = 65° 28'. 

87. Oblique Triangles. 



a = 41°, 
B = 37°. 

a = 134° 30', 

c = 122° 8'. 

c = 137° 20', 
A = 149° 40'. 

Solve the following quadrantal triangles, side c being 90°: 

9. o = 116° 45', 11. a = 18° 8', 13. a = 108° 23', 

B = 48° 52'. C = 88° 18'. 

b = 35° 6', 14. o = 80° 10', 

B = 33° 28'. A = 68° 0'. 

Two Fundamental Formulas. — We 

consider only triangles in which no part exceeds 180°. 

I. Law of Sines. — Let ABC be a spherical triangle. Draw 
CD -L AB, forming two right triangles (figure). 

In A ACDy sin p = sin 6 sin A. 
In A BCDf sin p = sin a sin S. 

Therefore, 

sin 6 sin il = sin a sin S, 

/. V sin a sin ^ 

(1) or -T — r = -: — =• 

^ sm & sm B 

That is, the sines of the sides are proportional to the sines of the 
opposite angles. 

Exercise. Discuss the case where D falls on AB produced. Compare (68)* 
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n. Law of Cosines. — In the figure above let AD = m, so that 
BD == c-m. Then in right A BCD 

cos a = cos (c — m) cos p (See (d) of 83) 

= cos c cos m cos p + sin c sin m cos p. 

But in A ACD 

cos m cos p = cos b 

and sin m cos p = sin C sin b X -= — 77 = sin 6 cos A. 

'^ sin C 

Hence 

(2) cos a = cos b cos c + sin & sin c cos A. 

That is, i/ie cosine of any side equals the product of the cosines of 
the other two sides plus the product of their sines by the cosine of their 
included angle. 

Exercise. Discuss the case where D falls on AB produced. Compare (69). 

From the fundamental formulas (1) and (2) we shall derive a 
series of other formulas adapted to the solution of triangles. 

88. Principle of Duality. — By means of (e) of (82) any 
formula relating to the spherical triangle can be made to yield a 
second formula. Thus, let A A'B'C be polar to A ABC. Then 
from (1) and (2), applied to A A'B'C'^ we have 

sin a' sin A' , ,, / 1 • t/ • / >«/ 

-: — 77 = TT, \ cos tt = COS COS C + Sm Sm C COS A . 

sm b sm B 

But a' = 180° - A, A' = 180° - a, 

V = 180° - B, B' = 180° - 6, 
c' = 180° - C, C = 180° - c. 

Substituting and reducing, we have 

sin A _ sing 
sin B sin b 

(3) cos A = — cos B cos C + sin B sin C cos a. 

The first of these is simply the law of sines; the second is a new 
formula. 

89. Formulas for the Half- Angle. — Solving (2) for cos A, we 

have 

cos a — cos b cos c 



cos A = 



sin b sin c 
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Then Bm\A=)J ^-^^ . Whynot±V^H^7 







/l 


COS a — cos b cos c 




sin & sin c 






2 




sm 


bsinc — cosa + cos 


&C0SC 




2 sin & sine 




cos 


i(6 — c)— cosa 






2 sin & sin c 




U: 


. a + 6 — c . a — 
sin ^ — ^ sin — 


6 + c 
2 



(44) 



2 sin & sin c 
Now let 

(4) 2 s = a + fe + c; 

then, as in (61), 



(47) 



therefore, 



a + b — c jfl — 6 + c , 
s = 8 — c and ^r = s — 6; 



1 ^ _ . / sin (8 — b) sin (g — c) 



(5) sini^ = V ^ ' i ' 

^ ^ » Y Sin & Sin c 

Similarly, starting with cos J A = V^ (1 + cos A), we get 

/^AN ^.vo 1 ^ t /sin 8 sin (8 - ct) 

(6) coss A = V . - . • 

^ ^ » T sin & sm c 

By dividing, 



(7) tan|^ = v/ '^<.^-^^f (^-*^) 

^ "^ ^ ▼ sin « sin (« — a) 



sm 8 



Given the three sides, one of these formulas, preferably the last, 
will determine the angles. When all three angles are desired, let 

,-,v ^ . /sin (« — a) sin (« — b) sin (« — c) 
(8) tani- = y ^^ ^^ ^^ • 

then 

/n\ X 1 ^ tany 

(9) tan I A = -:: — 7 r, 

^ "^ ^ sm (« — a) 

1 tan r 

(10) tan|B = -:-7 -T, 

^ ^ ^ sm (« — 6) ' 

(11) tan|C = -r 



sin (« — c) 



FORMULAS FOR SPHERICAL OBLIQUE TRIANGLES 103 

90. Formulas for the Half Sides. — Proceeding as above with 
(3) of (88), or by applying the principle of duality to formulas 
(5) to (11), we have, on putting 

(12) 2S = A + B+ C 



and 



(13) tan JJ - V^^s (S - A) cos {8 - B) cos {8 - €)' 

.... . 1 . /— cos 8 COS {8 — A) 

(14) sm|a=v : — ^ . ^ -, 

2 V sm B sm O ' 

/icN 1 . /cos {8 - B) COS (;S - C) 

(15) cos I a = V ^ — • — ^ »^ ^ ^ I 

^ ' 2 y sm B sm C ' 

(16) tan I a = J - cos 8 cos {8 -- A) 

^ y cos{8- B) COS {8- cY 

(17) tan I a = tan ^ cos (^S — ^), 

(18) tan I 6 = tan ^ cos (^ - B), 

(19) tan I c = tan ^ cos (iS - C). 

91. Napier's Analogies. — Dividing tan i A by tan § B and 
reducing, we have 

tan \ A sin (s — h) 
tan I B sin (s — a) 

By composition and division, 

tan ^ A + tan \ B _ sin (s — b) + sin (s — a) 
tan i A — tan J B ~ sin (s — 6) — sin (s — a) ' 

Reducing tangents to sines and cosines and simplifying the result- 
ing complex fraction, applying the formulas for sin (x d= y) on the 
left and for sin u ±isinv on the right, we have 



(20) 



sinlU+B) tan|c 



sin|(^-B) tan|(a-6)* 
or, 

sin 5 (u4 — B) , 

(200 tan|(a-6)=^-f-i— — itan|«. 

sm^{A + B) 
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Multiplying tan i A by tan § B and reducing, 

tan i A tan § B sin (s — c) 
1 sine 

By composition and division, and reduction as above, 



(21) 



cos^{A + b) tan I c 



cosi{A-B) tan| (« + &)' 



2 

or, 

, cos I (^ - ^) - 

(210 tan|(a+&)= ^ tan|c. 

cos ^{A + JS) \ 

These formulas determine the other two sides when two angles 
and their included side are given. 

Proceeding as above with tan ^ a and tan J 6, or by the principle 
of duality applied to formulas (20) to (21'), we obtain 

sm|(a + 6) cot|c 



(22) 



sin|(a-6) tan|(^-B)' 



or, 



« 



, .s 1 . , sin I (a — 6) . 

(220 tani (^ - B) = , I) ^ ' cot|0; 

sm|(a + 6) 



and, 
(23) 

or, 



cos I (a + 6) cot I C 



cos I (a - 6) tan I (^ + B) ' 



. .V 1 , cosi (a —6) - 

(230 tan I (^ + B) = f- Icot | C. 

cos I (a + 6) '^ 

These formulas determine the other two angles when two sidea 
and their included angle are given. 

92. Area of a Spherical Triangle. — This may be calculated by 
(/) of (82), namely, 

K = ^-^^^^X^tR^, or, X = S (radians) Xfi2. 

To obtain J5, we may first calculate the angles. E may also be 
obtained by one of the following formulas which we add without 
proofs. 
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. tan I a tan | & sin C 

tan^^ =z ^ ^ 



^ 1 + tan 5 a tan | & cos C ' 



tan 7 -E? = v tan - tan — - — tan — - — tan 



93. Solution of Spherical . Oblique Triangles. — Six cases 
arise, according to the nature of the three given parts. 
I. Given two sides and an opposite angle. 

Denote the given parts by a, 6, A. Calculate B by (1), then 
C by (22) or (23), and c by (20) or (21). 

Check: sin b : sin c = sin B : sin C, 

which involves the computed parts. 

Ambiguous Case. Formula (1) will give two (supplementary) 
values for B. Two solutions are obtained when both values of 
B lead to values of C. Otherwise one or both values of B must 
be rejected. 

Rule. Retain values of B which make A — B and a — b of like 
sign. Otherwise (20) and (22) take the impossible form + = — . 

n. Given two angles and an opposite side. ^ 

Denote the given parts by A, B, a. Calculate b by (1), then 
proceed as in I. 

Ambiguous Case. Formula (1) gives two values of b. Retain 
the value or values which m/ike A — B and a — b of like sign. 

m. Given the three sides. 

Calculate the angles by (9), (10), (11). 

Check: sin A : sin a = sin B : sin 6 = sin C : sin c. 

IV. Given the three angles. 
Calculate the sides by (17), (18), (19). 
Check: As in HI. 

V. Given two sides and their included angle. 

Denote the given parts by a, 6, C. Calculate ^ {A + B) by (23'), 
J (A — B) by (22'); then A and B by addition and subtraction; 
obtain c in two ways by the law of sines. This furnishes a check; 
or check by (20) or (21). 

VI. Given two angles and their included side. 

Denote the given parts by A, B, c. Calculate i (a + b) from 
(21'), i (a — 6) from (20') ; hence get a and 6; obtain C in two ways 
by the law of sines. This gives a check; or check by (22) or (23). 
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94. Suggested Forms for Computations. Case I. 
Example. Given a = 100° 37', 6 = 62° 25', A = 120° 48'. 

Formulas. sinB = -: — sin A , 

sma 

, , ^ sin J (a + 6) , , , - ^n 
cot i C = - — TT — -^ tan* (A — B), 
^ sm J (a — fe) 

,1 sin J (A+B) , 1 . ,v 

tan * c = - — fy-j dV t*ui J (<* — ^). 

^ sin J (A — -d) 

sin 6 _ sing 
sine"" sin C' 



Check: 



Computations. 

log sin b = 9.9476 a = 100° 37' A = 120° 48' 

log sin A = 9.9340 b = 62° 25 ' S = 50° 46 ^ 

colog sin a = 0.0075 a + 6 = 162° 62' A + B = 170° 94' 

log sin B = 9.8891 a - 6 = 38° 12' A - B = 70° 2' 

B= 50°46'.5 Ha + &)= 81°31' i(^ + ^)= 85° 47' 

or 129°13'.5 A(a.~6)= 19° 6' i (A - B) = 35° 1' 

Reject the larger value of B by the rule in I. 

log tan i{A-B) == 9.8455 log tan H^ - &) = 9.5395 

log sin 1 (a + 6) = 9.9952 ^ log sin i(A+B) = 9.9989 

colog sini (a - 6) = 0.4852 ' colog sin | (A - S) = 0.2412 

log cot I C = 0.3259 log tan i c = 9.7796 

|C= 64°43'.5 ic = 31°3' 

C = 129° 27' c = 62° 6' 

Check: log sin 6 = 9.9476 log sin B = 9.8891 

sin c = 9.9463 sin C = 9.8877 

0.0013 0.0014 

Note. In the soltUions of triangles, a complete form skoidd be prepared in 
advance, so that only numerical values need be inserted when the tables are 
opened. 

Case n. Given A, B, a. To find 6, c, C. 

n 1 . , sinB . 

Formulas. sin o = — — ^ sm a. 

sin A 

The rest of the calculations are as in Case I. 

Case in. Given a, 6, c. To find A, B, C 

Formvlas. 

, . tan r ^ i d tan r j. i ry tan r 

tan i A = -; — 7 r : tan J 5 = -:: — 7 rr ; tan J C = ^^ — 7 r ; 

' sm (s — a) ' sm (s — b) ' ' sm (s — c) ' 
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log ain (« — a) = 


(9) 


log tan iA = 


(15) 


log sin (« — 6) = 


(10) 


log tan iB = 


(16) 


log sin (s — c) = 


(11) 


log tan iC = 


(17) 


colog sin s = 


(12) 


M- 


(18) 


2|_ 


(13) 


JB = 


(19) 


log ton r " 


(14) 


iC = 


(20) 



s = g + ft + c , ^g^Q y ^ 4 /sin (8 — o) sin js — b) sin (a — c) 
2 ' V sins 

Form for ComputcUions. The numbers indicate the order of the entries 
after the form has been prepared. 

a = (1) 

&= (2) 

c= (3) 

2s = (4) 

s- (5) 

s - a = (6) 

s - 6 = (7) 

s - c = (8) 

A- (21); B— (22); C= (23). 

Check, 

log sin A =» (24) log sin B » (26) log sin C » (28) 

log sin a = (25) log sin h = (27) log sin c = (29) 

Difference = (30) (31) (32) 

The last three nxunbers should agree. 

Case IV. Given A, B, C. To find a, 6, c. 

Modify the form for Case III so as to apply to formulas (17), (18), (19) 
of (90). 

Case V. Given a, 6, C. To find A, B, c. 

Formviaa, 

tani (A +5) = ?5!i(?L^ cot JC; 

cos Ha-i-b) ' 

tanJ(A-B) ^ sinHa---&) 

''smJ(a4-&) 

sin C . sin C . , 

sm c = -: — -r sm a » -: — n sm b, 
BID. A Bm.B 

Check, The two values of c should agree. This does not guard against 
an error in log cot i C or in log sin C, which should be carefully checked. A 
complete check is furnished by (20). 

Form for CompiUcUions. 

a = (1) log cos } (a - 6) = (5) logsin} (a-b) = (6) 

b = (2) colog cos i;(o + &) = (7) colog sin i (a + 6) = (8) 

a + 6= (3) logcotJC= (9) logcotiC= (9) 

o-6= (4) logtanJ(A+B) = (10) log tan i (A -B) = (11) 

J(A+B)= (12) log sin C= (16) log sin C= (16) 

i(A-B) = (13) log sin o = (17) logsin b = (19) 

A = (14) colog sin A = (18) colog sin B « (20) 

^= (16) logsmc= (21) log sin c= (22) 

c = (23) 

Check, (21) should equal (22). Again look up log cot i C and log sin C; 
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Case VI. Given A, B, c. To find a, 6, C 

Arrange form as in Case V, to apply to formulas (20') and (21'). 

If desired, Cases II, IV, VI may be dropped entirely because 
they reduce to Cases I, III, V, respectively by use of the polar 
triangle. 

96. Alternative Method under Cases V and VI. 

Case V. When two sides and their included angle are given, 
and the third side only is required, the best procedure is as follows: 

Given 6, c, A. To find a. 

(1) cos a = cos b cos c + sin 6 sin c cos A. 
To adapt this to calculation by logarithms, let 

(2) cos c — n cos iV, and sin c cos A = nshxN; 
these give 

(3) tan N = tan e cos Aj and n — eecN cos c. 
Equations (2) substituted in (1) give 

(4) cos a = w cos (6 — iV) = cos e sec N cos (b — y). 

To compute a, get N from (3), then a from (4). 
Case VI. When two angles and their included side are given, 
and the third angle only is required, proceed as follows: 
Given B, C, a. To find A, 

(1') cos A = — cos B cos C + sinB sin C cos a. 

To adapt this to logarithmic calculation let 

(2') cos C =^ n cos iV, and sin C cos a = n sin iV. 

These give 

(3') tan N = tan C cos a; n = sec iV cos C, 

Reducing (1') by means of (2') and (3'), we have 

(4') cos ui = — n cos (6 + iV) = — cos C sec N cos (6 + N). 

Calculate N from (3'), then A from (4'). 

96. Exercises. Solve the triangles whose given parts are : 



1. 


2. 


8. 


4. 


a = 70° 5^ 


o = 82° 40', 


a = 150° 20' 


a = 116° 13'.4, 


h = 63° 22', 


6 = 84° 20', 


6 = 137° 20', 


h = 127° 17'.8, 


c = 69° 17'. 


c = 114° 30'. 


c= 20° 6'. 


c= 67°48'.9. 
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6. 




6. 




7. 


8. 


a = 


54° 40', 


a = 


51° 15', 


6 = 


112°0'.3, 


a= 63°51'.5, 


c = 


131° 30', 


6 = 


149° 25', 


c = 


95° 13'.3, 


b = 144° 13'.4, 


B = 


96° 47'. 


B = 


139° 51'. 


A = 


83° 35'.5. 


C = 128° 58'.8. 




9. 




10. 




11. 


12. 


a = 


132° 39', 


c = 


51° 44', 


a = 


123° 43'.8, 


b = 47° 42^, 


B = 


52° 38', 


A = 


91° 36', 


B = 


127° 41'.8, 


A = 91° 47'.7, 


c = 


41° 40'. 


B = 


123° 12'. 


C = 


83° 39'.3. 


C = 55° 52'.7. 




13 




14. 


• 


16. 


16. 


A = 


55° 7', 


A = 


72° 52', 


A ^ 


108° 45', 


A = 80° 19'.2, 


B = 


148° 41', 


5 = 


123° 40', 


B = 


140° 50', 


B = 115°36'.8, 


C = 


24° 25'. 


C = 


101° 45'. 


C = 


139° 25'. 


C= 79°10'.6. 




17. 




18. 




19. 


20. 


6 = 


90° 36', 


a = 


114° 27', 


a = 


118° 22', 


a = 143° 39'.7, 


c = 


39° 40', 


6 = 


84° 22', 


6- 


40° 5'.6, 


b = 133° 29'.3, 


B = 


50° 52'. 


B = 


80° 19'. 


B = 


29° 42^.6. 


A = 137° 44'.7. 




21. 




22. 




23. 


24. 


o =s 


137° 30', 


a = 


35° 37'.3, 


o = 


135° 37'.8, 


a = 126° 17'.3, 


A = 


125° 0', 


A = 


29° 3', 


A = 


129° 14'.7, 


A = 117°44'.6, 


C = 


41° 50'. 


5 = 


45°44'.l. 


B = 


110°47'.3. 


C= 26°50'.4. 



97. Applications to the Terrestrial Sphere. — We shall con- 
sider the earth as a sphere with a radius of 3960 miles. Longi- 
tudes are to be reckoned from Green- 
wich westward through 360° or 24^. 
We shall denote longitude by X, 
latitude by 0. 

Problem 1. Given the latitudes 
and longitudes of two stations, to 
find the distance between them. 

Let P be the earth's north pole, 
G Greenwich, Ai and A2 the two 
stations (figure). Let the positions 
of the two stations be Xi, 0i and 
X2, <h respectively. 

Then in A A1PA2, PAi = 90''- 0i, PA2 = 90° - «2, and 
Z A1PA2 = Xi — X2. Hence in A A1PA2 two sides and their 
included angle are known, and A1A2 (in degi'ees) may be calculated 
as in Case V of (96). 
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Problem 2. A ship is to sail from Ai to ii2 by the shortest path 
(great circle). On what course (at what angle with the meridian) 
will she depart from Ai; on what course will she arrive at A2? 

Assuming the positions of Ai and A2 given, we have two sides 
and the included angle of the triangle A1PA2. We must calculate 
angles Ai and A2. This comes under Case V of (94). 

Exercises. 

• * 

1. Calculate the sides (in miles), the angles, and the area (in square miles) 
of the triangle whose vertices are: 

h m ■ 

New Yort Jl = 4 66 64, - 40** 46' N. 

San Francisco 8 9 43, 37''4rN. 

Mexico City 6 36 27, 19** 26' N. 

2. Calculate the sides (in miles), the angles, and the area (in square miles) 
of the triangle whose vertices are: 

h m ■ 

New York X = 4 66 64, ^ - 40** 46' N. 

Rio de Janeiro 2 62 41, 22'' 64' S. 

Liverpool 12 17, 63° 24' N. 

8. Find the distance along the great circle from Boston, X « + 4** 44" 16^, 
^ = 42° 22' N., to Wellington in New Zealand, X » - 11" 39" 7*, ^=41° 8' S. 

4. A vessel sails on a great circle from San Francisco, Jl = 8^ 9* 43', 
<P = 37° 47' N. to Sydney, X - 13" 55- 10*, <f> = 33° 52' S. Find the courses of 
departure and arrival and the distance sailed. 

5. If the vessel in exercise 2 makes 12 knots an hour, what is her position 
(X and 0) and on what course is she sailing 6 da3rs after leaving San Fran- 
cisco? (1 knot = 1 nautical mile = 1' on a great circle.) 

6. Find the shortest distance between two points on the Arctic circle which 
differ by one hour in longitude. How far is it between these points on the 
Arctic circle? 

7. If a person were to start from a point in 80° north latitude and go 
always directly east for a distance of 100 miles, how much would he change 
his longitude ? What would be the shortest distance between the beginning 
and end points of his journey? (Note that to go always directly east is to go 
along a parallel of latitude.) 

98. Applications to the Celestial Sphere. — For the purpose 
of this article we assume the celestial sphere to be an indefinitely 
large sphere concentric with that of the earth. On it as a back- 
ground we see all celestial objects. 
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The projections on the celestial sphere of the earth's poles, 
equator, meridians and parallels of latitude are named respectively 
the celestial poles (P, P' in the figure), the celestial equator or 
simply equator {QwQ'e), hour 
circles (as PSE), and parallels 
of declination (as MSM'), 

An observer at on the earth's 
surface will have his zenith at Z, 
where the plumb line at 0, if pro- 
duced, would meet the celestial 
sphere; his horizon is the great 
circle sumcy whose pole is Z; 
his meridian is the great circle 
nPZQs, meeting the horizon in 
the north and south points. 

Let S be a point on the celestial sphere, as the sim's center, or 
a star. Because of the rotation of the earth, S will appear to de- 
scribe the parallel e'MSw'M'e^ rising at e' and setting at w\ When 
S has the position shown in the figure, HS is its aUitudCy denoted 
by h (height above horizon) ; Z sZH (measured by arc sH) is its 
azimuth, denoted by A ; ZS, or 90® — ft, is the zenith distance of S 
and denoted by z. Thus h and A, or z and A, completely define 
the position of S with reference to horizon and zenith. 

With reference to the equator and pole, ES is called the declina- 
tion of Sf denoted by 6, and Z QPE (angle 
which hour circle PS of S makes with meridian 
PQ) is called its hour angle, denoted by t; PS 
or 90° — 6 is the polar distance of S, and denoted 
by p. Thus the position of S is defined by 5 
and t, or by p and t, 

A PZS is called the astronomical triangle; its parts, except the 
angle at S which we shaU not need, are: 




PZ = 90° -nP = 90° 

(0 = latitude of 0.) 
PS = p = 90^ _ 8; 

ZS = 2 = 90° - h; 
L ZPS = t\ 
L PZS = 180° - A. 



-«; 
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Problem 1. Given the latitude of 0, and the declination and 
altitude of S, calculate the hour angle and azimuth of S. 

Here the three sides of A PZS are known, and it is only neces- 
sary to calculate the angles at P and Z (m, 93). 

Problem 2. In a given latitude^ and for a given declination of 
the sun, find the sun^s hour angle at sunset and the length of day 
{sunrise to sunset). 

Here S is on the horizon and PZS a quadrantal triangle. We 
obtain t by solving the polar right triangle for 180 — L The length 
of day will be 2 t. 

Problem 3. Given the sun^s declination and its hour angle when 
it bears due west {A = 90°), find the latitude. 
' Here PZS is a right triangle, with the right angle at Z; p and t 
are known, and PZ may be calculated by use of Napiei^s Rules. 

Problem 4. Find the hour angle and azimuth of Polans when at 
greatest elongation, given the declination of the star and the latitude 
of the station of observation. 



Let MSM' be the star's diumal path about the pole (figure). 
When the star is at greatest elongation, the great circle ZS is tan- 
gent to the small circle MSM', of which PS is a radius. Hence 
A PZS is right-angled at S; PZ and PS are known, and the angles 
at P and Z may be found by aid of Napier's Rules. 

Exercises. 

1. In latitude 40° 49' the sun's altitude is observed to be 20° 20'; its 
declination is 15° 12'; find its azimuth and hour angle. 

2. With latitude and declination as in exercise 1, find the sun's hour angle 
when it is due west; when it sets; find its azimuth at sunset; find the length 
of day. 

3. With latitude and declination as in exercise 1, find the sun's altitude 
and azimuth when its hour angle is 45°. 
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4. The sun, in declination 12® 22', is observed to have an altitude of 30** 
when due west. What is the latitude of the station? 

5. The declination of Polaris being 88** 49', find his azimuth and hour angle 
at greatest elongation at a station in latitude 40° 49'. 

6. As in exercise 5 for the star 51 Cephei, d = 87° 11', and for d Ursae 
Minoris, d = 86° 37'. 

7. The stylus of a horizontal sundial consists of a rod pointing to the 
north celestial pole. Hence its shadow falls due north when the sun is on the 
meridian, that is, at apparent noon. What angle does its shadow make with 
the meridian one hour after apparent noon, at a place in latitude 40°? 

{Suggestion, In the first figure of this article let nP = 40° and Z ZPS = 
1*" or 15°. The stylus lies in the line P'Py and its shadow, cast by the sun ^, 
must lie in the plane SP'P, and hence will fall on the plane of the dial, syme, 
along the line of intersection of these two planes. This line will be deter- 
mined by the center of the sphere and the point where arc SP produced will 
meet arc ne. Call this point S'. Then arc nS' measures the required angle, 
and may be found by solving right A nPS', in which nP = 40° and Z nPS' = 15°) . 

8. What angle does the shadow of a horizontal sundial make with its 
noon position t hours after noon in latitude ? (Aws. tan x = tan t sin 0, 
X being the required angle.) 

9. Calculate the angles which the hour lines of a horizontal sundial make 
with the noon-line in an assumed latitude. 



ANSWERS 

(Answers to odd-numbered exercises only) 

Article 8 — Page 6 

1. 6, c, B: 142.8, 174.3, 66°. 8. a, 6, 5: 55.8, 50.2, 42^ 5. a, c, B: 
470, 886, 32^ 7. a, 6, B: .0346, .0289, 40°, 9. 6, c. A: 21.4, 27.2, 38°. 
11. 81.9 ft. 13. 104.68 ft. 15. 291.2 ft. 17. 36°. 
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sine 


cosine 


tangent 


cotangent 


secant 


cosecant 


1. 


cos 60° 


-sin 50° 


-cot 50° 


-tan 50° 


-CSC 50° 


sec 50° 


3. 


-sin 55° 


—cos 55° 


tan 65° 


cot 55° 


-sec 65° 


-CSC 55° 


6. 


cos 85° 


-sin 85° 


-cot 85° 


-tan 85° 


-CSC 85° 


sec 86° 


7. 


-sin 65° 


-cos 65° 


tat 65° 


cot 65° 


-sec 65° 


-CSC 65° 


9. 


sin 42° 


cos 42° 


tan 42° 


cot 42° 


sec 42° 


CSC 42° 


11. 


sin 50° 


cos 50° 


tan 50° 


cot 50° 


sec 50° 


CSC 50° 


13. 


sin 40° 


cos 40°' 


tan 40° 


cot 40° 


sec 40° 


CSC 40° 


16. 


-cos 86° 


sin 85° 


-cot 85° 


-tan 85° 


CSC 85° 


-sec 85° 


17. 


sin 16° 


cos 15° 


tan 15° 


cot 15° 


sec 15° 


CSC 15° 


19. 


cos 20° 


-sin 20° 


-cot 20° 


-tan 20° 


-CSC 20° 


sec 20° 


21. 


sin 25° 


cos 25° 


tan 25° 


cot 25° 


sec 25° 


CSC 25° 


23. 


cos 20° 


sin 20° 


cot 20° 


tan 20° 


CSC 20° 


sec 20° 


26. 


V3 
2 


-i 


-V3 


1 
V3 


-2 


2 
V3 


27. 


i 


V3 
2 


1 

V3 


-V3 


2 

V3 


2 


29. 


-i 


V3 
2 


1 
V3 


-V3 


2 

V3 


-2 


31. 


2 
V3 


i 


-V3 


1 

V3 
1 


2 


2 

V3 
2 


38. 


2 
V3 


-i 


-V3 


V3 
1 


-2 


V3 
2 


86. 


2 


-i 


V3 

• 


V3 


-2 


V3 



Article 23 — Page 21 

1. 15°, 300°, 66i°, 288°, 264°. 8. 60°,*85°66'37", 81° 17'45", 21° 48' 10", 
80° 48' 35". 6. 16° 33' 36", 264° 3', 110° 48' 13". 7. 26ir/12, - ir/8, 
26ir/24, 1.85005, 1.63626. 9. .002909, .000048, .21091, .37703. 11. 3. 
13. 100ir/3 or 104.7+ . 17. 30' 56"; 31' 58". 
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Article 27 — Page 26 

1. nir + ir/4; 2 nx - t/6, (2 n + 1) t + ir/6; 2 nx, 2 nir db x/3. 
8. 228° 36' ± 2 nir« 311° 25' ± 2 nw; 2mr ± 114° 28'.7; nw + 71° 34'; 
19° 28' ± 2 nir, 160° 32' ± 2 nx. 5. nir + 67° 16'; 2 nir - 16° 47'.4, 
(2 n + 1) x + 16° 47'.4; (2 n -h 1) t ± 78° 28'. 

Article 29 — Page 28 



1. 
8. 
6. 

7. 
9. 

11. 
13. 
16. 



sin 



m 

1 + ^ 

a« - b' 
*= 2a6 



cos 



±i 

Vm» ~ 1 
m 



fl' + ft' 
2a& 



tan 



2 V5 



6 

-i 

_V3 
3 



± 



Vm«-1 
14-A 



V-2T-T2 
=^* a« -f 6« 



CSC 



-i 

±2 

-J 

— m 

1 

1 + ^ 
2a6{ 



a«-62 



sec 



=b 



. 3V5 

6 
±i 
.2V3 

"X" 

m 

"Vm2 - 1 
1 



V-2A-^« 
2o6 

a2 + 6* 



cot 



-V3 
_b Vm* — 1 



=bi 



l + A 
'. o« + 6* 



a2-62 



8. 



1 ± Vl — sin«a; 



sin'x 



Article 30 — Page 30 

2csc»g 

C8C*d — 1 



6. 



Article 33 — Page 33 



1. 650 ft. 8. 1418 ft. 

Article 36 — Page 36 

1. (68.4 lb., 39° 19'). 8. (42.6 lb., 124° 16'). 

Article 38 — Page 37 

7. 34.53 ft. 9. 24 in. from southern edge; angle 36° 52'. 11. W. 30° 22' 
S., 111.6 mi. 

Article 48 — Page 50 



1. 1; 0. 

V7 



8. m; m- 

V7 



6. db 



V5d=4V2 
9 



V5=F 4V2 
9 



7. ±^J(65 + 32V3), ±^ (66-32 V3). 9. mil H- M- 18. fJH, 



16. 2- 



17. J. 19. sin 202i° = i V2 - V2; cos 202i° = 

-i V2 + V2; tan 202i° = V3 - 2 V2. 
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Article 49 — Page 66 

1. .0814; .0582. 8. 8-; 5+. 

Article 66 — Page 63 

1. 2nT±60°. 8. 2nir + 3ir/4. 5. nn- + 45°; «ir + 71*^34'. 7. 2mr 
+ 36^52'; 2nir + 90°. 9. nir. 11. nir: mr ±'^. 13. nir: nw ±%. 15. 

4 O 

/o I ^N^ 4f* 211x4-90''* ^^ 2 nir (2n4-l)ir ^^ ^^eo i 

(2n + l)^. 17. — — r:— -. 19. :;: -; ■ , . / . 21. rwr; 136° + n«'. 

o 9=tP r — s r -f- s 

23. 2 WIT - 60°; 2 nir - 120°. 26. 2 nir - 30°; (2 n + 1) ir + 30°. 27. 
^;nT+|. 29. ^; (2n + l)|±30°. 

Article 67 — Page 66 

V2 
1. r ==t 5, ^ = tan-if 8. r = db 41, d = tan-i^. 5. r = db-=-, 

o 

d = tan-i 1. 7. r = it i Vs, ^ = tan-i (-3). 9. r = 5 V2, = tan-^ f, 
= tan-i 1. 11. x2 + 2^ = r8. 18. ^ + ^ = 1. 16. x^ + t/^ + g^ = 1. 

Article 63 — Page 73 

1. b,c,C: 1260.6,1069.3,55°. 8. a,c,A: 5.000, 7.351, 38° 0'. 6. o,6,A: 
6756, 5802, 87° 40'. 

Article 64 — Page 74 

1. c, A, B: 851, 54° 28', 65° 32'. 8. c, A, B: 497, 26°, 52° 20'. 6. a, 5, C: 
.03826, 44° 27', 99° 25'. 

Article 66 — Page 77 

1. c, 5, C: 7.29, 33° 28', 119° 14'; or c', B', C: 59.16, 146° 32', 6° 10'. 
8. 6, B, C: 72.42, 32° 8', 89° 45'; or 6', 5', C: 69.98, 31° 38', 90° 15'. 6.* 
o, A, 5: 2232, 35° 15', 21° 6'. 

Article 66 — Page 78 

1. A, 5, C: 74° 40', 47° 46'.4, 67° 33'.4. 3. A, 5, C: 94° 31'.7, 32° 2'.9, 
43° 25'.4. 6. A,B,C: 24° 42', 30° 22', 124° 56'. 

Article 68 — Page 79 

4. a, c, C: 3674, 5780, 70° 58'. 8. a, 6, 5: 1566, 1068, 42° 27'. 6. c. A, 
B: .1776, 76° 20', 44° 53'. 7. c, B, C: 166.1, 26° 43', 131° 56'; or c', 5', C: 
19.57, 153° 17', 5° 22'. 9. A, 5, C; 149° 49', 3° 2', 27° 9'. 11. 6, 5, C: 
3.688, 146° 43', 14° 4'. 13. 6, A, J5: .2729, 39° 37', 117° 51'; or, 6', A', B': 
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0.907, 140^23', 17*^6'. 15. a, B, C: .00261, 70** 17', 61*60'. 17. 6, B, C: 
.000662, 83*^33', 32** 36'. 19. a. A, B: 1.236, 162*' 22', 7° 5'. 21. a, c, C: 
67260, 117570, 15V 19'.6. 28. 6, A, C: .01068, 81** 62', 56** 41'. 25. a, 
c, A: .1426, .2610, 34**32'.l. 27. c, 5, C: 684.1, 51** 9', 87** 38'; or c', B', 
C: 100.9, 128** 51', 9** 66'. 29. c, 5, C; 1203, 31** 68', 120** 44'; or, c', 5', C: 
113.8, 148** 2', 4*^40'. 31. a, B, C: 2496, 100** 10', 27**38'.8. 33. c. A, C: 
18463, 39**39'.6, 90^ 36. o, 6, 5: .03108, .01073, 14** 15'.5. 87. a, c, C: 
43.74, 64.58, 32** 19'.7. 89. c. A, C: .005708, 79** 20', 37** 0'; or, c'. A', C: 

.002661, 100** 40', 15** 40'. 51. 7, V129, 20 V3. 58. J. 55. 46°, 60°, 75**; 

612.5, 683 ft. 57. 261.5. 71. 1.239 mi. 78. 1066 ft. 75. 40 Vs ft. 
77. 45** 3'. 79. 698.3 ft. 81. 22.3, 70.6 ft. 85. 62 ft. 87. 1142 ft. 
91. 26, 33J, 41} ft. 98. 37.5 ft. 95. 28*^67', 46** 34', 104** 29'; 6.892, 

8.838, 11.784. (The exact values of the sides are 20 V2723, 30 V2/23, 

40 V2723.) 97. 27.35 ch.; 97.46 A. 99. 14.4 ch. north of AB. 101. 
718.7 lb. 108. 2.51 sec. 106. 48** 53'. 107. Total defl. = (i - r) -h (i' - r'), 

where r= sin""^ ( j, r' ^ a — r, and i' = sin-* 0* ™ ^')» 

Article 76 — Page 91 

1. V2, -45**; 5, 36** 52'; vTi6, 114** 27'; 2,90**; 2,0**; 2,0**; 6,30**; 36, 
- 60**; 4, 90°. 

Article 78 — Page 93 

8. ±3; ±3 1. 5. a;i = 2; aji = 2 (cos 72** -h i sin 72**); Xt = 2 (cos 144** 
+ i sin 144**); etc. 7. a;i = V3; aj, = ^^^* ; x, = "" ^"^^* ; etc. 

Article 86 — Page 100 

1. c, a, B: 112** 43'.6, 133** 28'.4,;67° 49'.7. 3. a, 6, c: 4° 2'.8, 44** 17'.1, 
44** 25'.9. 5. 6, A, 5; 40** 40', 122° 37'.9, 60° 18'.4. 7. a, by A: 146° 32'.5, 
109° 48', 144° 55'.6. 9. A, B, C: 130° O'.l, 36° 64'.8, 59° 4'.4. 11. 6, A, C: 
78° ll'.l, 13° 51'.3, 129° 41'.6. 13. 6, A, B: 84° 64', 108° 27'.8, 84° 37'.5. 

Article 96 — Page 108 

1. A, B, C: 81°38'.7, 70°9'.8, 64° 47'. 8. A; B, C: 140° 0', 61° 40', 
26° 30'. 5. 6, A, C: 117° 5'.4, 65° 29'.6, 123° 21'. 7. a, B, C: 82° 7', 
111°32'.6, 92°28'.4. 9. b, c, A: 157° 40', 33° 20', 62° 51'. 11. b, c, A: 
134°55'.3, 62°47'.7, 111°39'.6. 13. a, 6, c: 163° 34', 169° 40', 8° 11'.6. 
16. o, 6, c: 49° 24', 149° 34'.4, 148° 33'.6. 17. o. A, C: 118° 20', 136° 67', 
29° 40'. 19. c. A, C: 153° 38'.7, 42° 37'.3, 160° 1'.4; or c', A', C: 90° 6'.7, 
137°22'.7, 60°18'.9. 21. 6, c, B: 124° 59'.4, 33° 22', 83° 25'.6. 23. 6, c, 
€: 57° 35', 154° 16'.6, 151° 15'; or 6', c', C: 122° 26', 64° 2'.2, 84° 41'.7. 
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Article 97 — Page 109 

1. N.Y. — S.F. 2668 mi. N.Y. — M.C. 2090 mi. S.F. — M.C. 1889 mi. 
Angles: N.Y. 48° 68', S.F. 66M8', M.C. 82*^40'. Area: 2025300 sq. mi. 
8. 9260 mi. 5. X= 9*34«15*, ^ = 22° 6' N.; course, S. 44° 28' W. 7. 
8° 20'; 99.6 mi. (7-place tables.) 

Article 98 — Page 110 

1. A = ± 92° 60'; t ='±6* 4« 12». 3. A = 43° 27'; A = 70° 3'. 5. N. 
1° 33'.6 E. or W.; t^ ±5* 66"' 64*. 7. 9° 46'.4. 
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APPENDIX A 










The Gbeek Alphabet 




Letten. 


Name. 


Letters. 


Name. 


Letters. 


Name. 


A, a, 


Alpha 


i.h 


Iota 


P,P, 


Rho 


B,/5, 


Beta 


K,«, 


Kappa 


2, (T, 


Sigma 


r,7, 


Gamma 


A,X, 


Lambda 


T,r, 


Tau 


A, 5, 


Delta 


M,Ac, 


Mu 


Y, u, 


Upsilon 


E,e, 


Epsilon 


N,., 


Nu 


^,0, 


Phi 


z,f, 


Zeta 


S,f, 


Xi 


X, X, 


Chi 


^,V, 


Eta 


0,0, 


Omicron 


^,^, 


Psi 


0, e, &, 


Theta 


n,x. 


Pi 


11, «, 


Omega 



Formulas op Plane Trigonometry 
Definitions. — In right triangle ABC, whose sides are a, b, c (2), 

• A ^ A ^ J. A ^ \ 

c c / 

cscii = -7 secil = r> cotA = -- 
a a 

versA = 1 — cosA. coversA = 1 — sinA. 

More generally, if a: be an angle of any magnitude, as XOP in 
the figure of (10), 



sm X = 



ordinate 
distance 



} COSiC = 



abscissa 
distance 



tanx = 



distance distance . 

esc X = — TT — :-> sec a: = -^i — ; — > cot x = 



ordinate 



abscissa 



ordinate 
abscissa 
abscissa 
ordinate 



Relations between the Functions of an Angle. Formulas, 
Group A. (16.) 



1. sin x = 



cscx 



2. cos a? = 



sec a; 



3. tana: = 



cotx 
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sm QC cos on 

4. tan X = 5. cot x = 6. sin^ x + cos^ x = 1. 

cos X smx 

7. 1 + tan^ X = sec^ x, 8. 1 + cot^ x = csc^ x. 

Rules for expressing any function of any angle in terms of a 
function of an acute angle. (17.) 

Any function of any angle x is numerically equal to the 
(same function - . , j. • . i_ j i (even , 

I co-f unction ^^ ^ '""''^^"^^ ^' dimimshed by any j ^^ mul- 

tiple of 90^. 

The sign of the result must be determined according to the 
quadrant of x. 

Functions of + a? and — x. (18.) 

/(+a:) = /(— x)y when/ = cosine or secant. 

/(+x)= — /(— x), when/ = sine, cosecant, tangent, cotangent. 

Angles Corresponding to a Given Function. (26.) 
Let 6 denote the smallest positive angle having a given func- 
tion equal to a given number a. Then all angles such that 

( sin X = a 
I. < are x = 2nT + d and (2n+l)x— d; 

( CSC a: = a 

__ ( cos a: = a 

II. < are x = 2mr dzd; . 

( sec oj = a 

( tanx = o 
III. \ , are x = rnr + B. 

( cot X = o 

Formulas, Group B. (44.) 

9. sin (x + 2/) = sin a: cos 2/ + cos x sin y. 

10. cos {x + y) = cos X cos 2/ — sin x sin y. 

IL sin {x — y) = sin x cos 2/ — cos x sin y. 

12. cos {t — y)= cos x cos 2/ + sin x sin y. 

tan x + tan y 



13. tan (x + 2/) = 

14. cot {x + y) = 



1 — tan X tan 2/ 
cot X cot 2/ — 1 



cot x + cot 2/ 
tan a? — tan y 
15. to° (* - y) = 1 .,■ tM. » ta. y 
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Formulas, Group C. (46.) 

Double Angle, Half-Angle, 

17. sin2x = 2 sinx cosx. 20. sinjx=ity/ ^ 



18. cos 2 X = cos^ X — sin^ x, 21. cos | x = it V/ ^ 

= l-2sin2x, 22. tan^x = ±v/S^ 

▼ 1 + COS X 
= 2 C0S2 X - 1. 1 - COS X 



smx 
2 tan X sin x 



19. tan 2 X = ^ , o - 1 , 

1 — tan^ X 1 + cos x 

Formulas, Group D. (47.) 

^o. sm t^ + sin t; = 2 sin — ^ — cos— ^— • 

24* smw — smt; = 2cos — ^ — sm ^ ■ 

OK I oW + ^^ — t' 

-^o. COS u + COS v = 2 cos — ^ — cos — ^r — 

-^o. cosw — cost; = ~ 2 sm — jr — sm — ^r— • 

Right Triangles. — Solve by means of the definitions of the 
trigonometric functions. 

Oblique Plane Triangles. 

1. Law of Sines: a : 6 : c = sin A : sin B : sin C (68) 

2. Law of Cosines: d? = 6^ + (? — 2 6c cos A. (69) 

3. Law of Tangents: ^-fj = ^''? S4 T S ' (60) 

. ^ a + 6 tan I (^ + ^) 

Half-Angles. (61.) 



Let s = §(a + 6+c) and r = v/^^ ~ ^^ ^^ " ^^ (^ " ^). 

▼ s (s — a) 5 — a 
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Solution of Oblique Plane Triangles. 

Case I. Given two angles and a side. (63) 

Use law of sines. 
Case II. Given two sides and the included angle. (64) 

Use law of tangents, then law of sines. 
Case III. Given two sides and an opposite angle. (66) 

Use law of sines. Ambiguous case. 
Case IV. Given the three sides. (66) 

Use one of the formulas (4), (5), (6), or (7) above, 
preferably the last one. 

Area = i ob sin C = Vs (a - a) (s - 6) (a - c). (67) 

Formulas of Spherical Trigonometry 

Spherical Right Triangle. (83-86.) — Let A, B, C he the 
angles, and a, fc, c the sides. Arrange the five parts a, fc, eo-B, co-c, 
co-A in circular order. These parts are then connected by Napier's 
Rules: 

i? . J ji X { product of cosines of opposite parts; 
sine of nuddle part = \ 

( product of tangents of adjacent parts. 

To solve a spherical right triangle use Napier's Rules to write 
a formula involving the two given parts and a required part. 
To solve a quadrantal triangle, solve its polar right triangle. 

Spherical Oblique Triangles. 

1. Law of Sines: sin a : sin 6 : sin c = sin A : sin B : sin C, (87) 

2. Law of Cosines: cos a = cos b cos c + sin 6 sin c cos A . (87) 

3. cosA = —cosBcosC + sinSsinCcosa. (88) 

Half-Angles. (89.) 



s = i(a + fc + c); tanr^v/^^^^^-^^ ^'"''-'^^^'^''^'""' ^- 

"^ ' ▼ sin 8 

5. sin M = v/^^^^?5^^^- 

T Sin sin c 

n 1^4 /sin s sin (s — a) 

6. cos4A = \/ . , . -- 

▼ sm sin c 

7. tan M = V^^^53^?^SHi. 

▼ Sin s sin (s — a) 

tanr 



9. i^tan i A = 



sin (s — a) 
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Half-Sides. (90.) 



/ — COS S 



14. sin } 



15. cos I 



sin B sin C 



. /—cos S cos (S — A) 
a = y — 

^ . /cos (S - B) cos (S - C) 



sin B sin C 



.^ , 1 . / — cos S cos (S — il) 

lo. tan f a = V t« ^r 7^ — 7^ • 

^ ▼ cos (S — B) cos (S — C) 

17. tan i a = tan i2 cos {S — -4). 

Napier's Analogies. (91.) 

20'. tan Ha - fc) = ^!^ ! i"! T p? tan § c. 

sin t (4 + B) 

21'. tan I (a + fc) = ^^^ f S^ 7 pi tan ^ c. 

cos J (il + B) 

22'. tani U ~S) = ^° ? i^ 7 ?? cot^C. 

'^ ^ sin i (a + 0) 

23'. tan i (A + B) = ^Q^Ha-b) ^^^ ^ ^^^ 

cos f (a + 0) 

Spherical Excess. Area. (92.) 

E = iA + B + C)- 180°. 

. 1 ET _. tan ^ o tan ^ b sin C 
1 + tan i a tan i 6 cos C 

tan i S = Vtan § s tan §(« — «) tan ^(s — b) tan § (s — c). 
Area = ^ ^^^g^^^^ X^TrB? = E (radians) X fi^. 

Solution of Spherical Ol^que Triangle. (93.) 

I. Given two sides and an opposite angle. 

Use law of sines, then Napier's Analogies. Two solu- 
tions possible. 

II. Given two angles and an opposite side. 
As in I. 

III. Given the three sides. 

Use formulas for the half-angles. 
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IV. Given the three angles. 

Use formulas for the half-sides. 

V. Given two sides and their included angle. 
Use Napier's Analogies, then law of sines. 

VI. Given two angles and their included side. 
As in V. 



APPENDIX B 
Explanation of the Tables and Their Use 

TABLE I 

Common Logarithms. Definition. The common logarithm of 
a number is the exponent which must he applied tolQto produce the 
given number. 

The symbol for the common logarithm of a nmnber n is logion^ 
which is read: 

*' The logarithm of n to the base 10." 



Examples, 








102 = 100 




100 = 2, or 


logio 100 = 2. 


103 = 1000 . 


*. common 


1000 = 3, or 


logio 1000 = 3. 


100 = 1 


logarithTTi 


1=0, or 


logio 1 =0. 


10-1 = 0.1 


of 


0.1 = - 1, or 


logio 0.1 = — 1. 


10-2 = 0.01 




0.01 = - 2, or 


logio 0.01 = - 2. 



In these equations 10 is called the base of the system of loga- 
rithms. Other numbers might be used as bases, but for purposes 
of computation the base in common use is 10. 

In general, if n = 10*, 

then the common logarithm of n = z, or logio w = x. 

Theory of Logarithms. So much of the theory of logarithms 
as is required in ordinary computation may be summed up in the 
following rules: 

I. The logarithm of a product equals the sum of the logarithms of 

the factors, 

logio ni*n = logic ^ + logic w- 

II. The logarithm of a fraction equals the logarithm of the numeror 
tor minus the logarithm of the denominator, 

logic ^ = logic w - logic n. 

in. ' The logarithm of the pth power of a number equals p times the 
logarithm of the number, v 

logic w* = p logic w. 

Proofs. 

I. Given two numbers m and n whose common logarithms are 
X and y respectively. 

7 
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That is logio m — x and logio ^ = y« 

Then by definition of logarithms, 

m = 10* and n = 10«'. 

Hence m • n = 10* • 10«' = 10^. 

Therefore ' logio «» • n = x + y = logi© fn + logi© n. 

II. Proceeding as in I except that we divide m by n, we have 

n 10«' ^^^' 

fit 
Therefore logi© — = a; — 2/ = logi© »» — logi© »• 

ni. To prove that logio m^ = P logio wi, let a; be the common 
logarithm of m. 

That is logio m = x. 

Then m = 10». 

Raising to pth power: m^ = (10*)** = 10**. 

Therefore, by definition of a logarithm, 

logi© w* = px=p logio w- 

This proof holds whether p is an integer or not. In applying 
the formula roots are to be written as fractional exponents, thus: 

logio ^i^ = logio w* = f logio m. 

Exercises. Prove: 

1. logio rnnr = logio m + logio n + logio r. 

2. logio ^ = logio m + logio « - logic r- logic ». 

3. logio rn^n^ = p logio m + q logio w. 

4. logio 7^ = P lo&o m - g logic n. 

6. logio Vm^w^ = I logio w + I logio n. 

6. logio y ^ = f logio m + J logio w - J logiof. 

7. logio 7-^ = 3 logio m + 3 logio n - f logio r - f logio «. 

The proofs of rules I, II, III are also valid when the base 10 is 
replaced by any other positive number. In what follows we deal 
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exclusively with the base 10, and hence we shall usually omit the 
subscript 10, so that logio m will be written merely log m. 

Numerous applications of these rules will be found in the expla- 
nation of the use of Table I. 

Table of Common Logarithms. If we ask the question — 
What power of 10 will give 302? — we can see at once that the 
answer must lie between 2 and 3, because 302 lies between 10^ and 
103. That is, 302 = I02+, and logio 302 = 2.+. 

The necessary decimal can be supplied by reference to a table of 
logarithms^ such as Table I. 

The function of such a table is to furnish the decimal part of the 
common logarithm of any number. The tables in this text give 
these decimals to four places. For more accurate computations 
5-place, 6-place, and 7-place tables are in common use. The in- 
tegral part of the logarithm is to be supplied by the computer. 

Definitions. The integral part of a logarithm is called the charac- 
teristic, and the decimal part the mantissa. 
Rules for Characteristics. 

(a) When the number has n significant figures to the left of 
the decimal point, the characteristic of its logarithm is n — 1. 

(b) When the number is a decimal with n ciphers between the 
decimal point and the first digit which is not zero, the characteris- 
tic of its logarithm is 9 — n, and — 10 must be supplied to com- 
plete the logarithm. 

The reason for these rules wiU become evident when we consider 
an example. 

Example. Let us find log 302. In the table find 30 in the 
left-hand column and run across the page horizontally to the 
column headed 2. There we find that mantissa of log 302 = .4800. 
Now 302 lies between 100 and 1000, i.e. between 10^ and lO^. 
Hence, by the definition of a logarithm, log 302 must lie between 
2 and 3. Therefore the characteristic is 2, and 

log 302 = 2.4800. 

This is of course not the exact logarithm of 302, but only its value 
to four decimal places. 
Writing the last equation in exponential form, we have 

302 = 102-4800. 
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Multiplying both sides by 10, 

3020 = 10 X 102-4800 = 103.4800. Hence, log 3020= 3.4800. 

Multiplying again by 10, 
30200 = 10 X 103-4800 = 104.4800, Hence, log 30200 = 4.4800. 

Therefore, where a number is multiplied by 10, the character- 
istic of its logarithm is increased by 1; the mantissa remains 
unchanged. 

Dividing the above equation successively by 10, we obtain 

30.2 = 102-4800 ^ 10 = 101-4800^ 

3.02 = 101-4800 ^ 10 = 100-4800^ 
.302 = 100-4800 ^ 10 = 100.4800-1^ 
.0302 = 100-4800-1 ^ 10 = 100.4800-2^ 
.00302 = 100-4800-2 4- 10 = 100.4800-3^ 

and so on. As logarithmic equations these are: 

log 30.2 = 1.4800, 
log 3.02 = 0.4800, 

log .302 = 0.4800 - 1 = 9.4800 - 10, 

log .0302 = 0.4800 - 2 = 8.4800 - 10, 

log .00302 = 0.4800 - 3 = 7.4800 - 10, 

and so on. The second form in the last three equations is used 
for convenience in computations; it is in accordance with rule (b). 
To discuss rules (a) and (b) more generally, let m be any number. 
Then by the definition of a logarithm, when 

m lies between log m lies between 

(1) 1 and 10, and 1, 

(2) 10 and 100, 1 and 2, 

(3) 100 and 1000, 2 and 3, 

(4) 1000 and 10000, 3 and 4, 

and so on. Therefore, when m has 

(1) 1 digit to the left of the point, log m = 0.+ • • • 

(2) 2 digits to the left of the point, log m = 1.+ • • • 

(3) 3 digits to the left of the point, log m = 2.+ • • • 

(4) 4 digits to the left of the point, log m = 3.+ • • • 

and so on. Hence rule (a). 
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In the case of decimal numbers, 

when m lies between log m lies between 

(1) 1 and 0.1, and - 1, 

(2) 0.1 and 0.01, - 1 and - 2, 

(3) 0.01 and 0.001, ~ 2 and - 3, 

(4) 0.001 and 0.0001, . - 3 and - 4, 

and so on. That is, when m is a decimal number in which 

(1) no cipher follows the point, log m = 9.+ • • • — 10 

(2) 1 cipher follows the point, log m = 8.+ • • • — 10 

(3) 2 ciphers follow the point, log m = 7.+ • • • — 10 

(4) 3 ciphers follow the point, log m = 6.+ • • • — 10 

and so on. Hence rule (b). 

Interpolation. — Example. Find log 3024. 
From the table, 

mantissa of log 302 =.4800; ^q^^^^^^ ^ 0014 
mantissa of log 303 = .4814; 

Assuming that the increase in the logarithm is proportional 
to the increase in the number, we have 

mantissa of log 3024 = .4800 + .4 X .0014 = .4806. 

The result is here given to the nearest unit in the fourth decimal 
place, .4 X .0014 being taken equal to .0006 in place of .00056. 

Proportional Parts. — For convenience in interpolation, the 
tabular differences greater than 20 are subdivided into tenths and 
tabulated imder the heading " Prop. Parts." When the diJBference 
is less than 20, the interpolation is best made mentally. If it is 
desired, the table of proportional parts may be used when d < 20 
by taking half the proportional part corresponding to double the 
diJBference. 

Examples. 

1. log 164.3 = ? 

Mantissa of log 164 = .2148; d = 27, 

Correction for .3 = 8 

log 164.3 = 2.2156 

2. log (164.3)^ = ? 

log (164.3)3 = flog 164.3, 

= I (2.2156) = 1.4771. 
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3. log .01047 = ? 

Mantissa of log 104 » .0170; d » 42, 
Correction for .7 = 29 

log .01047 = 8.0199 - 10 

4. log \^(.01047)« = ? 

7.01047* = (.01047)*, 
log \^(.01047)« = 1 log (.01047), 

= 1(8.0199-10). 
4 (8.0199- 10) - 32.0796 - 40 -« 22.0796 - 30. 
J (22.0796 - 30) = 7.3599 - 10. 

Note. When a logarithm which is followed by —10 is to be divided by a 
number, add and subtract a multiple of ten so that the quotient will come 
out in a form followed by —10. Thus: 

i (8.2448 - 10) = i (38.2448 - 40) = 9.5612- 10. 

Anti-logarithm. — The number whose logarithm is x is called 
the anti'logarithm of x. 
Thus, if X = log m, then m = anti-log x. 

Given a logarithm, to obtain the corresponding number {antiAogor 
rithm). 

Examples. 

1. log m - 0.4806. m = ? 

The given logarithm lies between the tabular logarithms .4800 and .4814, 
to which correspond the numbers 302 and 303 respectively. Thus we have 

Number. Mantissa of log. 

302 .4800 ) J 

m .4806 J > 14 

303 .4814 ) 

Hence, without regard to the decimal point, m = 302 + A « 3024 +. 
Pointing off. properly, 

m = anti-log 0.4806 = 3.0244-. 

2. log m = 7. 0959 - 10. m = ? 
mantissa of log 124 = .0934 1 or ) 
mantissa of log m — .0959 ) > 35 
mantissa of log 125 = .0969 ^ 

Hence m has the sequence of figures 

124 + H = 1247 +. 
Pointing off properly, 

m = anti-log (7.0959 - 10) = .001247-1-. 

Note. The value of the quotient || may be obtained frona the column of 
Prop. Parts by finding the number of tenths of 35 required to equal 25. We 
have from this column, 

.7 X 35 = 24.5 and .8 X 35 = 28.0. 
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Hence we see that to make 25 we need a little more than . 7 X 35. A cloBe 
approximation would be .71+, making m =.0012471+. 

When the tabular difference is large, it is possible to obtain correctly more 
than four significant figures of a number when its four-place logarithm is given. 

Cologarithm. — The cologarithm of a number is the logarithm 
of the reciprocal of the number. 

Thus: colog m = log— = log 1 — log w = — log m. 

m 

In practice we usually write it in the form 

colog m = — log m = (10 — log m) — 10. 

Rule. To form the cologarithm of a number, subtract its 
logarithm from 10 and write — 10 after the result. 

Examples. 

1. . colog 302 = (10 - log 302) - 10 

= (10 - 2.4800) - 10 = 7.5200 - 10. 

2. colog .003024 « (10 - log .003024) - 10 

= (10 - [7.4806 - 101) - 10 = 2. 5194. 

Use of the Cologarithm. 

Example. Calculate the value of g^i y (\k2R ' 

Let m be the value of the given fraction. Then without the use 
of cologarithms the calculation is as follows. 

log m = log 302 + log .415 - log 541 - log .0828. 
log 302 = 2.4800 log 541 = 2.7332 

log .415 = 9.6180 - 10 log .0828 = 8.9180 - 10 

12.0980 - 10 11.6512 - 10 

11.6512 - 10 
logm= 0.4468, w = 2.7975. 

To use cologarithms, we write 

w = 302 X .415 X ^ X 



541 "" .0828 

log m = log 302 + log. 415 + colog 541 + colog .0828 

log 302 = 2.4800 
log .415= 9.6180-10 
colog 541 = 7.2668 - 10 
colog .0828 = 1.0820 

log m = 20.4468 - 20 
m= 2.7975. 
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As a last example, we calculate the value of the quantity, 

^^,/(.00812)«X (-471.2)3 



-v/^ 



(- 522.3)3 X (.01242)* 

To take account of the signs, which must be done independ- 
ently of the logarithmic calculation, we note that the cube of a 
negative quantity occurs on both sides of the fraction; hence the 
sign of the fraction is plus. 

We now write 

log TO = ^ [log (.00812)* + log (471.2)3 + colog (522.3)3 

+ colog (.01242)*]. 
log .00812 = 7.9096 - 10 log (.00812)* = 8.6064 - 10 

log 471.2 = 2.6732 log (471.2)3 =8.0196 

log 522.3 = 2.7179 log (522.3)3 =8.1537 

log .01242 = 8.0941 - 10 log (.01242)* = 8.5706 - 10 

Hence log (.00812)* = 8.6064 - 10 

log (471.2)3 = 8.0196 

colog (522.3)3 = 1.8463-10 

colog (.01242)* = 1.4294 



2 19.9017 - 20 



log m = 9.9508 - 10 
m = .8929. 

Exercises. Verify the following equations: 

1. log 7 = 0.8451. 10. log rU = 7.1158 - 10. 

2. log 253 = 2.4031. 11. log (.0022)3 = 2.0272 - 10. 

3. log 253.5 = 2.4040. 12. log </m22 = 9.1141 - 10. 

4. log .0253 = 8.4031 - 10. 13. log (.01401)* = 8.5171 - 10. 
6. log .002533 = 7.4036 - 10 14. log (.0003684)5 = 7.9820 - 20. 

6. log 6544 « 3.8158. 16. colog 200 = 7.6990 - 10. 

7. log 4.007 = 0.6028. 16. colog .7 = 0.1549. 

8. log .9995 = 9.9998 - 10. 17. colog .0448 = 1.3487. 

9. log V766 = 1.4421. 18. colog V5475 = 8.1308 - 10. 
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19. colog (.0003684)5 = 12.0180. 26. \/ - .0822 = - .4348. 

20. antilog 1.2222 = 16 68. 37, (_ 3213)? == 2.076. 

21. antUog 3.6675 = 4650. ^ 

22. antilog 0.4000 = 2.5118. 28 / "" ^ ^ - = - .11858. 

23. antilog (8.3250 - 10) = .021135. * V- (00475) 

24. antUog (6.9525 - 10) = .0008964. 1 _ - 
26. (.748)3 = .4185. ^^' (72.32)1 "" •"^^^^* 

TABLE n. 

This table gives the logarithms of the sine, cosine, tangent and 
cotangent of angles from 0° to 90°, at intervals of 10'. 

When the angle is taken from the left-hand column of the page, 
the name of the function must be sought at the top of the page; 
when the angle is taken from the right-hand column of the page, the 
name of the function must be sought at the foot of the page. 

When the function is numerically less than 1, —10 must be 
written after its tabular logarithm. This is the case with the 
sines and cosines of all angles between 0° and 90°, with tangents 
of angles between 0° and 45°, and with cotangents between 45° 
and 90°. 

For convenience in interpolation the differences of the tabular 
logarithms are given, and these differences are subdivided into 
tenths in the column of proportional parts. Hence this column 
contains the corrections to the tabular logarithms for each minute 
of angle ftom 1' to 9' inclusive. These corrections are to be 
added when the logarithm increases with the angle, and they 
are to be subtracted when the logarithm decreases as the angle 
increases. * 

When the logarithm of a function of an angle greater than 90° 
is required, change to the equivalent function of an angle less than 
90° (17). Algebraic signs must be adjusted independently of 
the logarithmic calculation, as in the use of Table I. 

Seconds of arc must be reduced to the equivalent fractions of a 
minute of arc. 

To obtain log sec x, take from the table colog cos x; for log 
CSC X use colog sin x. 

Examples. 

1. log sin 20° 13' = ? 

log sin 20° 10' = 9. 5375; <J = 34. 
d for 3' (Prop. Parts) = 10.2 

log sin 20° 13' = 9. 5385 - 10. 
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2. log C08 20** 13' = ? 

log cos 20** 10' = 9. 9725; d = 4. 
dforS' = 4 X .3 = 1,2 



log tan 29** 47' = 9. 7576 - 10 

The same result may also be obtained by starting with log tan 29° 50', thus: 

log tan 29** 50' = 9. 7585; d = 29. 
d for 3' = 8^ 

log tan 29** 47' = 9. 7576 - 10, 

As a rule, in interpolating start from the nearest tabular number. 

4. log cot 29** 47' = ? 

log cot 29** 50' =: 0. 2415; d = 29. 
dfor3'= 8.7 



6. log sin 58** 44' = ? 

log sin 58** 40' = 9. 9315; d - 8. 
d for 4' = 32 

log sin 58** 44' = 9. 9318 - 10. 

6. log tan 67** 23'.5 - ? 

log tan 67** 20' = 0. 3792; d = 36. 
d for 3'. 5 = 10.8 + 1.8 = 12.6 



Here we obtain d for 3'.5 from d for 3' + d for 0'.5. Note that d for 
0.5 is simply one-tenth of d for 5'. 

7. log cos 105** 51'.6 = ? 

cos 105** 51'.6 = - sin 15** 51'.6. 

Neglecting the algebraic sign we have 

log sin 15** 50' = 9.4359; d = 44. 

d for 1'.6 = 7X) 

log sin 15** 51'.6 = 9.4366 - 10 - log cos 105** 51'.6. 

8. log tan 250** 34' .3 = ? 

tan 250** 34'.3 = tan 70** 34'.3. 
log tan 70° 30' - 0.4509; d = 40. 

d for 4'.3 = 17.2 

log tan 70** 34'.3 = 0.4526 = log tan 250** 34'.3. 



k 



log COS 20** 13' = 9. 9724 - 10. ^P' 

8. log tan 29** 47' = ? ! 

log tan 29** 40' = 9. 7556; d = 29. 
d for 7' (Prop. Parts) = 20. 3 



':i( 



I 



1 



log ofit 29° 47' - 0. 2424. tlj 

Ti 



•i 



log tan 67° 23'.5 = 0. 3805. 81 



b 



I 
I 
I 

: a 

i 
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. Angles near •"" or near 90°. 

When an angle, x, lies near 0^, sin x, tan z, and cot z vary too 
rapidly with x to permit of accurate interpolation of their loga- 
rithms from the table. The same is true of cos x, tan x, and cot x, 
^when X lies near 90®. We will show how accurate values of these 
logarithms may be obtained. 

Let S = log and T = log » 

X X 

X being expressed in minutes of arc. 
Then log sin x = log x' + S, 

and log tan x = log x' + T. 

When X is small the quantities S and T vary quite slowly with x. 
The values of S and 7 are given in the last column of the first 
page of Table II, x ranging from 0° to 5°; —10 is to be added to 
the tabular numbers there given. 

To get log sin x, reduce x to minutes of arc and take log x' from 
Table I; to this logarithm add S. 

To get log tan x, add T to log x^ 

To get log cot X, first get log tan x and form the cologarithm of 
the result. 

For, log cot X » colog tan x. 

To obtain log cos x, log tan x or log cotx, when x lies between 
85® and 90®, calculate the co-function of th^ complementary angle 
by the method given above. 

To find the angle from log din x, log tan x or log cot x, when x 
lies near 0®, we use the relations 

log x' = log sin X — 5; 
log x' = log tan X — T; 
log x' = — log cot X — T. 

The necessary values of S and T can be obtained after finding 
an approximate value of x from Table II. 

To find x from log cos x, log tan x, or log cot x, when x lies near 
90®, replace 

log cos X by log sin (90® — x) ; 
log tan X by log cot (90® — x) ; 
log cot X by log tan (90® — x). 



18 EXPLANATION OF TABLES 

Then 90® — x can be obtained by the method given above for 
angles near 0®. Hence x is determined. 

Examples, 

1. Find log sin x, log tan x and log cot x whesi x ^ V 22' 12". 

X = 1** 22' 12" « 82'^. log x' « log S22 « 1.9149. 

logx => 1.9149 logx " 1.9149 

S =" 6.4637-10 T =« 6.4638 -10 

log sin X = 8. 3786 - 10 log tan x «= 8. 3787 - 10 
log cot X = colog tan x » 1.6213. 

2. Rnd log cos X, log tan x and log cot x when x » 89° 5' 50". 

Let y « 90** - X = 54' 10" = 54'.17. 

Then log cos x, log tan x, log cot x are equal respectively to log sin y, log cot y, 
log tan y, which may be found as in example 1. 

3. log sin X = 8.2142; x = ? 

From Table II, x = 50' + ; hence S = 6.4637 - 10. 
log sin X » 8.2142 - 10 
S = 6.4637 - 10 



ft 



logx' = 1.7505; x = 56'.30 = 56' 18 

4. log tan X = 8.0804 - 10; x =« ? 

From Table II, x = 40'+ ; hence T = 6.4638 
log tan X « 8.0804 - 10 
T = 6.4638 - 10 
log x' = 1.6166; X = 41'.36 = 41' 21".6. 

5. log cot X = 8.6276 - 10; x - ? 
Let y = 90° - X. 

Then log tan y = log cot x = 8.6276 - 10. 

From Table II, y « 2° 20'+ ; hence T = 6.4640. 
log tan y = 8.6276 - 10 
T = 6.4640 - 10 
log y' = 2.1636; y = 145'.73 = 2° 25' 44". 
Hence x = 90° - y = 87° 34' 16". 

V 

Let the student obtain the results required in the last five 
examples by direct interpolation from Table 11. 

Exercises, Verify the following equations : 

1. log sin 20° 40' = 9.5477 - 10. 10. log cos 81° 29' = 9.1706 - 10. 

2. log cos 66° 30' = 9.6007 - 10. 11. log cos 81° 31' « 9.1689 - 10. 

3. log tan 29° 35' « 9.7541 - 10. 12. log cot 9° 6' « 0.7954. 

4. log cot 37° 25' = 0.1163. 13. log sin 152° 27' =» 9.6651 - 10. 
6. log sec 55° 50' = 0.2506. 14. log sin 2° 10' 10" « 8.5781 - 10. 

6. log CSC 44° 50' = 0.1518. 16. log tan 1° 34' 20" = 8.4385 - 10. 

7. log tan 63° 27' = 0.3013. 16. log cot 0° 10' 22" = 2.5206. 

8. log sin 81° 29' = 9.9952. 17. log cos 89° 28' 44 " « 7.9588 - 10. 

9. log sin 81° 31' » 9. 9952. 18. log tan 88° 46' 14" » 1.6683. 
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19. 


log sin X 


= 9.7926; 


, X = 38° 20'. 


20. 


log sin X 


= 9.3548; 


X = 13*' 5'. 


21. 


log sin X 


= 9.8867; 


; X = 50° 23'. 


22. 


log cos X 


= 9.6030; 


; X = 66° 22'. 


28. 


log tan X 


= 0.6278: 


; X = 77° 44'.5. 


24. 


log cot X 


= 0.0906, 


; X « 39° 4'. 


26. 


log cot X 


= 0.6648; 


X = 12° 12'. 5. 


26. 


log sec X 


= 0.1374; 


; X = 43° 13'. 


27. 


log CSC X 


= 0.2890; 


; X = 30° 56'. 


28. 


log sec X 


= 0.6680; 


; X =77° 35'. 8. 


29. 


log sin X 


= 8.3698; 


X = 1° 20' 34". 


80. 


log tan X 


= 8.7659; 


; X = 3° 20' 18". 


81. 


log cot X 


= 1.2952; 


X = 2° 54' 3". 


82. 


log cos X 


= 8.5387; 


X = 88° 1' 8". 


88. 


log cot X 


= 7.9485; 


X = 89° 29' 28". 


84. 


log CSC X 


= 2.3549 


; X = 0° 15' 11". 


35. 


log sec X 


= 1.5102; 


; X = 88° 13' 48". 



TABLE m 

This table gives the numerical values of the six trigonometric 
functions of angles from 0° to 90° at intervals of 10'. The func- 
tions of intermediate angles are to be obtained by interpolation. 

By using the tables inversely, an angle may be found, usually 
to the nearest minute, when a function of the angle is known to 
four decimal places. 

TABLE IV 

This is a conversion table for changing from sexagesimal to 
radian measure, and conversely. The entries are given to five 
decimal places in radians, corresponding nearly to 2" in sexagesi- 
mal measure. 

Examples. 

1. Express 200° 44' 36" in radian measure. ' 

200° = 3 X 60° + 20° 

3 X 60° = 3 X 1.04720 = 3.14160 radians. 
20° = 0.34907 

44' = 0.01280 

36" = 0.00017 

200° 44' 36" = 3.50364 radians. 

2. Express 3.50364 radians in sexagesimal measure. 

3.0 radians = 171° 53' 14" 

0.5 " = 28° 38' 52" 

0.003 " = 10' 19" 

0.0006 " = 2' 4" 

0.00004 " = 8;^ 

3.50364 radians = 200° 44' 37" 
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TABLE V 

This table contains the values of a number of mathematical 
constants, generally to fifteen places of decimals. 

TABLE VI 

« 

This table gives the values of the natural or Naperian loga- 
rithm of X, and of the ascending and descending exponential 
functions e* and e"*, from a? = to a? = 5 at intervals of 0.05. 
As a rule the tabular entries are given to three decimal places. 

TABLE Vn 

This table gives the values of n^, n^, Vn, and Vn, for values of 
n from 1 to 100. 

The direct use of the table requires no explanation. A s an 

example of its inverse use we find the approximate value of V320, 

We have , 

(6.8)3 = 314.432 (n = 68), 

(6.9)3 = 328.509 (n = 69). 

Hence, interpolating linearly, 

(6.840)3 = 320 approx., or V320 = 6.840+. 
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TABLE I. LOGARITHMS OF NUMBERS 



Ho. 



10 

11 
12 
13 

14 
15 
16 

17 
18 
19 

20 

21 
22 
23 

24 
25 
26 

27 
28 
29 

30 

31 
32 
33 

34 
35 
36 

37 
38 
39 

40 

41 
42 
43 

44 
45 
46 

47 
48 
49 

60 

51 
52 
53 

54 



No. 



0000 

0414 
0792 
1139 

1461 
1761 
2041 

2304 
2553 
2788 

3010 

3222 
3424 
3617 

3802 
3979 
4150 

4314 
4472 
4624 

4771 

4914 
5051 
5185 

5315 
5441 
5563 

5682 
5798 
5911 

6021 

6128 
6232 
6335 

6435 
6532 
6628 

6721 
6812 
6902 

6990 

7076 
7160 
7243 

7324 



0043 

0453 
0828 
1173 

1492 
1790 
2068 

2330 
2577 
2810 

3032 

3243 
3444 
3636 

3820 
3997 
4166 

4330 

4487 
4639 

4786 

4928 
5065 
5198 

5328 
5453 
5575 

5694 
5809 
5922 

6031 

6138 
6243 
6345 

6444 
6542 
6637 

6730 
6821 
6911 

6998 

7084 
7168 
7251 

7332 



0086 

0492 
0864 
1206 

1523 
1818 
2095 

2355 
2601 
2833 

3054 

3263 
3464 
3655 

3838 
4014 
4183 

4346 
4502 
4654 

4800 

4942 
5079 
5211 

5340 
5465 
5587 

5705 
5821 
5933 

6042 

6149 
6253 
6355 

6454 
6551 
6646 

6739 
6830 
6920 

7007 

7093 
7177 
7259 

7340 



3 



0128 

0531 
0899 
1239 

1553 
1847 
2122 

2380 
2625 
2856 

3075 

3284 
3483 
3674 

3856 
4031 
4200 

4362 
4518 
4669 

4814 

4955 
5092 
5224 

5353 
5478 
5599 

5717 
5832 
5944 

6053 

6160 
6263 
6365 

6464 
6561 
6656 

6749 
6839 
6928 

7016 

7101 
7185 
7267 

7348 



4 



0170 

0569 
0934 
1271 

1584 
1875 
2148 

2405 
2648 
2878 

3096 

3304 
3502 
3692 

3874 
4048 
4216 

4378 
4533 
4683 

4829 

4969 
5105 
5237 

5366 
5490 
5611 

5729 
5843 
5955 

6064 

6170 
6274 
6375 

6474 
6571 
6665 

6758 
6848 
6937 

7024 

7110 
7193 
7275 

7356 



0212 0253 



6 



0607 
0969 
1303 

1614 
1903 
2175 

2430 
2672 
2900 

3118 

3324 
3522 
3711 

3892 
4065 
4232 

4393 
4548 
4698 

4843 

4983 
5119 
5250 

5378 
5502 
5623 

5740 
5855 
5966 

6075 

6180 
6284 
6385 

6484 
6580 
6675 

6767 
6857 
6946 

7033 

7118 
7202 
7284 

7364 



0645 
1004 
1335 

1644 
1931 
2201 

2455 
2695 
2923 

3139 

3345 
3541 
3729 

3909 
4082 
4249 

4409 
4564 
4713 

4857 

4997 
5132 
5263 

5391 
5514 
5635 

5752 
5866 
5977 

6085 

6191 
6294 
6395 

6493 
6590 
6684 

6776 
6866 
6955 

7042 

7126 
7210 
7292 

7372 
6 



0294 



0682 0719 



8 



0334 



1038 
1367 

1673 
1959 
2227 

2480 
2718 
2945 

3160 

3365 
3560 
3747 

3927 
4099 
4265 

4425 
4579 
4728 

4871 

5011 
5145 
5276 

5403 
5527 
5647 

5763 
5877 
5988 

6096 

6201 
6304 
6405 

6503 
6599 
6693 

6785 
6875 
6964 

7050 

7135 
7218 
7300 

7380 



1072 
1399 

1703 
1987 
2253 

2504 
2742 
2967 

3181 

3385 
3579 
3766 

3945 
4116 
4281 

4440 
4594 
4742 

4886 

5024 
5159 
5289 

5416 
5539 
5658 

5775 
5888 
5999 

6107 

6212 
6314 
6415 

6513 
6609 
6702 

6794 
6884 
6972 

7059 

7143 
7226 
7308 

7388 



8 



9 



0374 

0755 
1106 
1430 

1732 
2014 
2279 

2529 
2765 
2989 

3201 

3404 
3598 
3784 

3962 
4133 
4298 

4456 
4609 
4757 

4900 

5038 
5172 
5302 

5428 
5551 
5670 

5786 
5899 
6010 

6117 

6222 
6325 
6425 

6522 
6618 
6712 

6803 
6893 
6981 

7067 

7152 
7235 
7316 

7396 



9 



Prop. Parti 



1 
2 
3 
4 
5 

7 
8 




1 
2 
3 
4 
5 
6 
7 
8 
9 



1 
2 
3 
4 
5 
6 
7 
8 




1 
2 
3 
4 
5 
6 
7 
8 
9 



1 
2 
3 
4 
5 
6 
7 
8 
9 



1 
2 
3 
6 
5 
6 
7 
8 
9 



43 

4.3 
8.6 
12.0 
17.2 
21.5 
25.8 
30. 
34. 
38. 



42 

4.2 



1 
.4 
.7 



41 

4.1 
8.2 
12.3 
16.4 
20.5 
24.6 
28.7 
32.8 
36.9 

39 

3.9 
7.8 
11.7 
15.6 
19.5 
23.4 
27 3 
31.2 
35.1 

37 

3.7 



7. 
11 



14.8 



18.5 
22.2 
25.9 
29.6 
33.3 



36 

3.5 
7.0 
10.5 
14.0 
17.5 
21.0 
24.5 
28.0 
31.5 

33 

3.3 

6.6 

9.9 

13.2 

16.5 

19.8 



23, 
26. 
29. 



8 
12 
16 
21 
25.2 
29.4 
33.6 
37.8 

40 

4.0 
8.0 
12.0 
16.0 
20.0 
24.0 
28.0 
32.0 
36.0 

38 

3.8 
7.6 
11.4 
15.2 
19.0 
22.8 
26.6 
30.4 
34.2 

36 

3.6 
7.2 
10.8 
14.4 
18.0 
21.6 
25.2 
28.8 
32.4 

34 

3.4 
6.8 



10 

13 

17 

20 

23.8 

27.2 

30.6 



32 

3.2 
6.4 
9.6 

12.8 

16 

19 

22 

25 



28.8 
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No. 
55 





1 

7412 


2 

7419 


3 

7427 


4 


6 


6 


7 


8 


9 


Prop. Parti 


Logiofl 


7404 


7435 


7443 


7451 


7469 


7466 


7474 


91 


30 




56 


7482 


7490 


7497 


7506 


7613 


7620 


7528 


7536 


7643 


7661- 


1 


3.1 


3.0 




67 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 


2 
3 


6.2 
9.3 


6.0 

9.0 




58 


7634 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


4 


12.4 


12.0 




59 


7709 


7716 


7723 


7731 


7738 


7746 


7762 


7760 


7767 


7774 


5 
6 


15.5 
18.6 


15.0 
18.0 




60 


7782 


7789 


7796 


7803 


7810 


7818 


7826 


7832 


7839 


7846 


7 

8 


21.7 
24.8 


21.0 
24.0 




61 
62 


7853 
7924 


7860 
7931 


7868 
7938 


7875 
7945 


7882 
7952 


7889 
7959 


7896 
7966 


7903 
7973 


7910 
7980 


7917 
7987 


9 


27.9 


27.0 








63 


7993 


8000 


8007 


8014 


8021 


8028 


8036 


8041 


8048 


8056 


1 


29 

2.9 


28 

2.8 




64 


8062 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


2 


5.8 


5.6 




65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


3 

A 


8.7 

11 A 


8.4 
11 2 




66 


8195 


8202 


8209 


8216 


8222 


8228 


8235 


8241 


8248 


8264 


5 


14.5 


14.0 




67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


6 
7 


17.4 
20.3 


16.8 
19.6 




68 


8325 


8331 


8338 


8344 


8351 


8367 


8363 


8370 


8376 


8382 


8 


23.2 


22.4 




69 
70 


8388 
8451 


8395 
8457 


8401 
8463 


8407 
8470 


8414 
8476 


8420 
8482 


8426 

8488 


8432 
8494 


8439 
8500 


8445 
8506 


9 


26.1 

27 


25.2 




26 




71 


8513 


8519 


8525 


8531 


8537 


8543 


8649 


8566 


8661 


8567 


1 
2 
3 


2.7 

5.4 

8.1 


2.6 
5.2 
7.8 




72 


8573 


8579 


8585 


8691 


8597 


8603 


8609 


8616 


8621 


8627 




73 


8633 


8639 


8645 


8661 


8657 


8663 


8669 


8676 


8681 


8686 


4 

5 


10.8 
13.5 


10.4 
13.0 




74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


6 


16.2 


15.6 


! ^ 
1 V 


75 
76 

77 


8751 
8808 

8865 


8756 
8814 

8871 


8762 
8820 

8876 


8768 
8826 

8882 


8774 
8831 

8887 


8779 
8837 

8893 


8785 
8842 

8899 


8791 
8848 

8904 


8797 
8864 

8910 


8802 
8859 

8916 


V 
8 
9 


16.9 
21.6 
24.3 


18.2 
20.8 
23.4 




1 -o 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 




26 


24 


jt2 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9025 


1 
2 


2.5 

5.0 


2.4 

4.8 




80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


3 
4 


7.6 
10.0 


7.2 
9.6 




81 


9085 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


5 

6 
7 


12.5 
15.0 
17.5 


12.0 
14.4 
16.8 




82 


9138 


9143 


9149 


9154 


9159 


9165 


9170 


9175 


9180 


9186 




83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


8 



20.0 
22.5 


19.2 
21.6 




84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 
















85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9336 


9340 




23 


22 




86 


9345 


9350 


9355 


9360 


9365 


9370 


9375 


9380 


9386 


9390 


1 


2.3 


2.2 




87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9436 


9440 


2 
3 


4.6 
6.9 


4.4 
6.6 




88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


4 


9.2 


8.8 




89 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9633 


9538 


5 
6 


11.5 
13.8 


11.0 
13.2 




90 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


7 

8 


16.1 
18.4 


15.4 
17.6 




91 
92 


9590 
9638 


9595 
9643 


9600 
9647 


9605 
9652 


9609 
9657 


9614 
9661 


9619 
9666 


9624 
9671 


9628 
9675 


9633 
9680 


9 


20.7 


19.8 






< 


•f 


93 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


1 
2 


21 

2.1 
4.2 






94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 






95 


9777 


9782" 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


3 

4 

. 5 


6.3 

8.4 

10.5 




1 


96 


9823 


9827 


9832 


9836 


9841 


9846 


9850 


9854 


9859 


9863 






97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


6 
7 


12.6 
14.7 






98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


8 


16.8 






99 


9956 


9961 


9965 
2 


9969 


9974 
4 


9978 
6 


9983 
6 


9987 
7 


9991 


9996 


9 18.9 






No. 





1 


3 


8 


9 


Prop. Parte 





24 



TABLE II. LOGARITHMIC SINES, COSINES, 



3^ 



6* 



0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 
40' 
50' 

0' 

10' 
20' 

30' 



log sin 



— 00 

7 . 4637 
.7648 

.9408 

8.0658 

.1627 

8.2419 
.3088 
.3668 

.4179 
.4637 
.5050 

8.5428 
.5776 
.6097 

.6397 
.6677 
.6940 

8.7188 
.7423 
.7645 

.7857 
.8059 
.8251 

8.8436 
.8613 
.8783 

.8946 
.9104 
.9256 

8 . 9403 
.9545 
.9682 

.9816 

.9945 

9.0070 

9.0192 
.0311 
.0426 

.0539 
.0648 
.0755 

9 . 0859 
.0961 
.1060 

.1157 



log COB 



3011 
1760 
1250 

969 
792 
669 

580 
511 
458 

413 
378 
348 

321 
300 
280 

263 
248 
235 

222 
212 
202 

192 
185 
177^ 

170' 

163 

158 

152 
147 
142 

137 
134 
129 

125 
122 
119 

115 
113 
109 

107 
104 
102 

99 
97 



log cos 



10.0000 
.0000 
.0000 

.0000 
.0000 
.0000 

9.9999 
.9999 
.9999 

9.9999 
.9998 
.9998 

9.9997 
.9997 
.9996 

.9996 
.9995 
.9995 

9.9994 
.9993 
.9993 

.9992 
.9991 
.9990 

9 . 9989 
.9989 
.9988 

.9987 
.9986 
.9985 

9.9983 
.9982 
.9981 

.9980 
.9979 
.9977 

9.9976 
.9975 
.9973 

.9972 
.9971 
.9969 

9 . 9968 
.9966 
.9964 

.9963 



log sin 








1 





1 

1 



1 

1 


1 

1 


1 
1 
1 
1 



1 
1 
1 
1 
2 

1 

1 
1 
1 
2 
1 

1 

2 
1 
1 
2 
1 

2 

2 
1 



log tan 



— 00 

7.4637 
.7648 

.9409 

8.0658 

.1627 

8.2419 
.3089 
.3669 

.4181 
.4638 
.5053 

8.5431 
.5779 
.6101 

.6401 
.6682 
.6945 

8.7194 
.7429 
.7652 

.7865 
.8067 
.8261 

8.8446 
.8624 
.8795 

.8960 
.9118 
.9272 

8.9420 
.9563 
.9701 

.9836 
.9966 
9.0093 

9.0216 
.0336 
.0453 

.0567 
.0678 
.0786 

9.0891 
.0995 
.1096 

.1194 



d log cot 



3011 
1761 
1249 

969 
792 
670 

580 
512 
457 

415 
378 
348 

322 
300 
281 

263 
249 
235 

223 
213 
202 

194 
185 
178 

171 
165 
158 

154 
148 
143 

138 
135 
130 

127 
123 
120 

117 
114 
111 

108 
105 
104 

101 

98 



log cot 



00 

2.5363 
.2352 

.0591 

1.9342 

.8373 

1.7581 
.6911 
.6331 

.5819 
.5362 
.4947 

1 . 4569 
.4221 
.3899 

.3599 
.3318 
.3055 

1 . 2806 
.2571 
.2348 

.2135 
.1933 
.1739 

1.1554 
.1376 
.1205 

.1040 
.0882 
.0728 

1.0580 
.0437 
.0299 

.0164 

.0034 

0.9907 

0.9784 
.9664 
.9547 

.9433 
.9322 
.9214 

0.9109 
.9005 
.8904 

.8806 



log tan 



90° 0' 

50' 
40' 

30' 
20' 
10' 

89° 0' 

50' 
40' 

30' 
20' 
10' 

88° 0' 

50' 
40' 

30' 
20' 
10' 

87° 0' 

50' 
40'. 

30' 
20' 
10' 

86° 0' 

50' 
40' 

30' 
20' 
10' 

86° 0' 

50' 
40' 

30' 
20' 
10' 

84° 0' 

50' 
40' 

30' 
20' 
10' 

83° (y 

50' 
40' 

30' 



Small Angle! 



X 

<1° 
1° 
2° 
3° 
4° 
5° 



S 

6.4637 
6.4637 
6.4636 
6.4635 
6.4634 
6.4631 



T 
6.4637 
6.4638 
6.4639 
6.4641 
6.4644 
6.4649 





Prop 


. Parts. 




113 


Ill 


109 


1 


11.3 


11.1 


10.9 


2 


22.6 


22.2 


21.8 


3 


339 


33.3 


32.7 


4 


45.2 


44.4 


43.6 


5 


56.5 


55.5 


54.5 


6 


67.8 


66.6 


65.4 


7 


79.1 


77.7 


76.3 


8 


90.4 


88.8 


87.2 


9 


101.7 


99.9 


98.1 



108 


107 


10.8 


10.7 


21.6 


21.4 


32.4 


32.1 


43.2 


42.8 


54.0 


53.5 


64.8 


64.2 


75.6 


74.9 


86.4 


85 6 


97.2 


96.3 



106 

10.5 
21.0 
31.5 
42.0 
52.5 
63.0 
73.5 
84.0 
94.5 



104 


102 


10.4 


10.2 


20.8 


20.4 


31.2 


30.6 


41.6 


40.8 


52.0 


51.0 


62.4 


61.2 


72.8 


71.4 


83 2 


81.6 


93.6 


91.8 



101 

10.1 
20.2 
30.3 
40.4 
50.5 
60.6 
70.7 
80.8 
90.0 



99 

9.9 
19.8 
29.7 
39.6 
49.5 
59.4 
69.3 
79.2 



98 

9.8 
19.6 
29.4 
39.2 
49.0 
58.8 
68.6 
78.4 
88.2 



97 

9.7 
19.4 
29.1 
38.8 
48.5 
58.2 
67.9 
77.6 
87.3 



96 

9.5 
19.0 
28.5 
38.0 
47.5 
57.0 
66.5 
76.0 
85.5 



143 


142 


138 


137 


136 


134 


130 


129 


127 


126 


123 


122 


119 


117 


116 


14.3 


14.2 


13.8 


13.7 


13.5 


13.4 


13.0 


12.9 


12.7 


12.5 


12.3 


12.2 


11.9 


11.7 


11.5 


28.6 


28.4 


27.6 


27.4 


27.0 


26.8 


26.0 


25.8 


25.4 


25.0 


24.6 


24.4 


23.8 


23.4 


23.0 


42.9 


42.6 


41.4 


41.1 


40.5 


40.2 


39.0 


38.7 


38.1 


37.5 


36.9 


36.6 


35.7 


35.1 


34.5 


57.2 


56.8 


55.2 


54.8 


54.0 


53.6 


52.0 


51.6 


50.8 


50.0 


49.2 


48.8 


47.6 


46.8 


46.0 


71.5 


71.0 


69.0 


68.5 


67.5 


67.0 


65.0 


64.5 


63.5 


62.5 


61.5 


61.0 


50.5 


58 5 


57.5 


85.8 


85.2 


82.8 


82.2 


81.0 


80.4 


78.0 


77.4 


76.2 


75.0 


73.8 


73.2 


71.4 


70.2 


69.0 


100.1 


99.4 


96.6 


95.9 


94.5 


93.8 


91.0 


90.3 


88.9 


87.5 


86.1 


85 4 


83.3 


81.9 


80.5 


114.4 


113.6 


110.4 


109.6 


108.0 


107.2 


104.0 


103.2 


101.6 


100.0 


98.4 


97.6 


95.21 93.6 


92.0 


128.7 


127.8 


124.2 


123.3 


121.5 


120.6 


117.0 


116.1 


114.3 


112.5 


110.7 


109.8 


107.1 


1105.3 


103.5 



114 

11.4 
22.8 
34.2 
45.6 
57.0 
68.4 
79.8 
91.2 
102.6 



TANGENTS AND COTANGENTS. TABLE II 



25 



30 
40 
50 

8« 

10 
20 

30 
40 
50 

9° 

10 
20 

30 
40 
50 

10° 

10 
20 

30 
40 
50 

11° 

10 
20 

30 
40 
50 

12° 

10 
20 

30 
40 
50 

13° (y 

10 
20 

30 
40 
50 

14° 

10 
20 

30 
40 
50 

16° (y 



log sin 



9.1157 
.1252 
.1345 

9.1436 
.1525 
.1612 

.1697 
.1781 
.1863 

9.1943 
.2022 
.2100 

.2176 
.2251 
.2324 

9 . 2397 
.2468 
.2538 

.2606 
.2674 
.2740 

9 . 2806 
.2870 
.2934 

.2997 
.3058 
.3119 

9.3179 
.3238 
.3296 

.3353 
.3410 
.3466 

9 . 3521 
.3575 
.3629 

.3682 
.3734 
.3786 

9 . 3837 
.3887 
.3937 

.3986 
.4035 
.4083 

9.4130 



log cos 



95 
93 
91 

89 

87 
85 

84 
82 
80 

79 
78 
76 

75 
73 
73 

71 
70 
68 

68 
66 
66 

64 
64 
63 

61 
61 
60 

59 
58 
57 

57 
56 
55 

54 
54 
53 

52 
52 
51 

50 
50 
49 

49 

48 
47 



log cos 



9.9963 
.9961 
.9959 

9 . 9958 
.9956 
.9954 

.9952 
.9950 
.9948 

9.9946 
.9944 
.9942 

.9940 
.99^8 
.9936 

9.9934 
.9931 
.9929 

.9927 
.9924 
.9922 

9.9919 
.9917 
.9914 

.9912 
.9909 
.9907 

9 . 9904 
.9901 
.9899 

.9896 
.9893 
.9890 

9 . 9887 
.9884 
.9881 

.9878 
.9875 
.9872 

9.9869 
.9866 
.9863 

.9859 
.9856 
.9853 

9 . 9849 



log tan 



log sin 



2 
2 

1 

2 
2 
2 

2 
2 
2 

2 
2 
2 

2 
2 
2 

3 
2 
2 

3 
2 
3 

2 
3 
2 

3 
2 
3 

3 
2 

3 

3 
3 
3 

3 
3 
3 

3 
3 
3 

3 
3 
4 

3 
3 
4 



9.1194 
.1291 
.1385 

9.1478 
.1569 
.1658 

.1745 
.1831 
.1915 

9.1997 
.2078 
.2158 

.2236 
.2313 
.2389 

9 . 2463 
.2536 
.2609 

.2680 
.2750 
.2819 

9.2887 
.2953 
.3020 

.3085 
.3149 
.3212 

9 . 3275 
.3336 
.3397 

.3458 
.3517 
.3576 

9 . 3634 
.3691 
.3748 

.3804 
.3859 
.3914 

9 . 3968 
.4021 
.4074 

.4127 
.4178 
.4230 

9.4281 



d log cot 



97 
94 
93 

91 
89 
87 

86 
84 
82 

81 
80 

78 

77 
76 
74 

73 
73 
71 

70 
69 
68 

66 
67 
65 

64 
63 
63 

61 
61 
61 

59 
59 

58 

57 
57 
56 

55 
55 
54 

53 
53 
53 

51 
52 
51 



log cot 



. 8806 
.8709 
.8615 

. 8522 
.8431 
.6342 

.8255 
.8169 
.8085 

0.8003 
.7922 
.7842 

.7764 
.7687 
.7611 

0.7537 
.7464 
.7391 

.7320 
.7250 
.7181 

0.7113 
.7047 
.6980 

.6915 
.6851 
.6788 

. 6725 
.6664 
.6603 

.6542 
.6483 
.6424 

0.6366 
.6309 
.6252 

.6196 
.6141 
.6086 

0.6032 
.5979 
.5926 

.5873 
.5822 
.5770 

0.5719 



log tan 



30 
20 
10 

82° (y 

50 
40 

30 
20 
10 

81° 

50 
40 

30 
20 
lO' 

80° 

50 
40 

30 
20 
10 

79° 

50 
40 

30 
20 
10 

78° 0' 

50 
40 

30 
20 
10 

77° 0' 

50 
40 

30 
20 
10 

76° 

50 
40 

30 
20 
10 

76° 0' 



Prop. Parts 



73 

7.3 
14.6 
21.9 
29.2 
36.5 
43.8 
51.1 
58.4 
65.7 



67 

6.7 



13. 
20. 
26. 
33. 
40. 
46. 
53. 
60. 



71 

7.1 
14.2 
21.3 
28.4 
35.5 
42.6 
49.7 
56.8 
63.9 



70 

7.0 
14.0 
21.0 
28.0 
35.0 
42.0 
49.0 
56.0 
63.0 



69 

6.9 
13.8 
20.7 
27.6 



61 

6.1 
12.2 
18.3 
24.4 
30.5 
36.6 
42.7 
48.8 
54.9 



66 

5.6 
11.2 
16.8 
22.4 
28.0 
33.6 
39.2 
44.8 
50.4 



61 

5.1 
10.2 
15.3 
20.4 
25.5 
30.6 
35.7 
40.8 
45.9 



66 

6.6 
13.2 
19.8 
26.4 
33.0 
39.6 
46.2 
52.8 
59.4 



60 

6.0 
12.0 
18.0 
24.0 
30.0 
36.0 
42.0 
48.0 
54.0 



66 

5.5 
11.0 
16 
22 
27 
33.0 
38.5 
44.0 
49.5 



60 

5.0 
10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.5 



66 

6.5 
13.0 
19.5 
26.0 
32.5 
39.0 
45.5 
52.0 
58.5 



68 

6.8 
13.6 
20.4 
27.2 



34.534.0 
41.4 40.8 
48.3 47.6 
55.2 54.4 
62.1 61.2 



69 

5.9 
11.8 
17.7 
23.6 
29 
35 
41 
47 



53.1 



64 

6.4 
10.8 
16.2 
21.6 
27.0 
32.4 
37.8 
43.2 
48.6 



48 

4.8 
9.6 
14. 
19. 
24.0 
28.8 
33.6 
38.4 
43.2 



64 

6.4 
12.8 
19.2 
25.6 
32.0 
38.4 
44.8 
51.2 
57.6 



63 

6 3 
12.6 
18.9 
25.2 
31. 
37.8 
44.1 
50.4 
56.7 



68 

5.8 
11.6 
17.4 
23.2 
29.0 
34.8 
40.6 
46.4 
52.2 



63 

5.3 
10.6 
16.9 
21.2 
26 
31 
37 
42 
47 



47 

4.7 
9.4 
14.1 
18.8 
23.5 
28.2 
32.9 
37.6 
42.3 



67 

5.7 
11.4 
17.1 
22.8 
28.5 
34.2 
39.9 
45.6 
51.3 



62 

5.2 
10.4 
15.6 
20.8 
26.0 
31.2 
36.4 
41.6 
46.8 



1 
2 
3 
4 
5 
6 
7 
8 
9 



97 


94 


93 


91 


89 


87 


86 


86 


84 


82 


81 


79 


78 


77 


76 


76 


9.7 


9.4 


9.3 


9.1 


8.9 


8.7 


8.6 


8.5 


8.4 


8.2 


8.1 


7.9 


7.8 


7.7 


7.6 


7.5 


19.4 


18.8 


18.6 


18.2 


17.8 


17.4 


17.2 


17.0 


16.8 


16.4 


16.2 


16.8 


15.6 


15.4 


15.2 


15.0 


29.1 


28.2 


27.9 


27.3 


26.7 


26.1 


25.8 


25.5 


25.2 


24.6 


24.3 


23.7 


23.4 


23.1 


22.8 


22.5 


38.8 


37.6 


37.2 


36.4 


35.6 


34.8 


34.4 


34.0 


33.6 


32.8 


32.4 


31.6 


31.2 


30.8 


30.4 


30.0 


48.5 


47.0 


46.6 


45.5 


44.5 


43.5 


43.0 


42.5 


42.0 


41.0 


40.6 


39.6 


39.0 


38.6 


38.0 


37.5 


58.2 


56.4 


55.8 


54.6 


53.4 


62.2 


51.6 


51.0 


50.4 


49.2 


48.6 


47.4 


46.8 


46.2 


45.6 


45.0 


67.9 


65.8 


65.1 


63.7 


62.3 


60.9 


60.2 


59.5 


58.8 


57.4 


66.7 


65 3 


64.6 


63.9 


63,2 


62.6 


77.6 


75.2 


74.4 


72.8 


71.2 


69.6 


68.8 


68.0 


67.2 


65.6 


64.8 


63.2 


62.4 


61.6 


60.8 


60.0 


87.3 


84.6 


83.7 


81.9 


80.1 


78.3 


77.4 


76.5 


75.6 


73.8 


72.9 


71.1 


70.2 


69.3 


68.4 


67.6 



74 

7.4 
14.8 
22.2 
29.6 
37.0 
44 
51 
59 



66.6 



Log.trig. 

fnnct'8. 

0° - 15° 
90« - 75° 
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TABLE II. LOGARITHMIC SINES, COSINES, 



log sin d 



16° 0' 

10' 
20' 

30' 
40' 
50' 

le** 0' 

10' 
20' 

30' 
40' 
50' 

170 0' 

10' 
20' 

30' 
40' 
50' 

18° 0' 

10' 
20' 

30' 
40' 
50' 

19° 0' 

10' 
20' 

30' 
40' 
50' 

20° 0' 

10' 
20' 

30' 
40' 
50' 

21° 0' 

10' 
20 

30' 
40' 
50' 

22° 0' 

10' 
20' 

30' 



log COB 



9.4130 
.4177 
.4223 

.4269 
.4314 
.4359 

9.4403 
.4447 
.4491 

.4533 
.4576 
.4618 

9.4659 
.4700 
.4741 

.4781 
.4821 
.4861 

9.4900 
.4939 
.4977 

.5015 
.5052 
.5090 

9.5126 
.5163 
.5199 

.5235 
.5270 
.5306 

9.5341 
.5375 
.5409 

.5443 
.5477 
.5510 

9.5543 
.5576 
.5609 

.5641 
.5673 
.5704 

9.5736 
.5767 

.5798 

.5828 

log 008 



47 
46 
46 

45 

45 
44 

44 
44 
42 

43 

42 
41 

41 
41 
40 

40 
40 
39 

39 
38 
38 

37 
38 
36 

37 
36 
36 

35 
36 
35 

34 
34 
34 

34 
33 
33 

33 
33 
32 

32 
31 
32 

31 
31 
30 



9.9849 
.9846 
.9843 

.9839 
.9836 
.9832 

9.9828 
.9825 
.9821 

.9817 
.9814 
.9810 

9.9806 
.9802 
.9798 

.9794 
.9790 
.9786 

9.9782 
.9778 
.9774 

.9770 
.9765 
.9761 

9.9757 
.9752 
.9748 

.9743 
.9739 
.9734 

9 . 9730 
.9725 
.9721 

.9716 
.9711 
.9706 

9.9702 
.9697 
.9692 

.9687 
.9682 
.9677 

9.9672 
.9667 
.9661 

.9656 
log fin 



3 
3 
4 



5 
5 

4 

5 
5 
5 

5 
5 
5 

5 
6 
5 



log tan 



9.4281 
.4331 
.4381 

.4430 
.4479 
.4527 

9.4575 
.4622 
.4669 

.4716 
.4762 
.4808 

9.4853 
.4898 
.4943 

.4987 
.5031 
.5075 

9.5118 
.5161 
.5203 

.5245 
.5287 
.5329 

9.5370 
.5411 
.5451 

.5491 
.5531 
.5571 

9.5611 
.5650 
.5689 

.5727 
.5766 
.5804 

9 . 5842 
.5879 
.5917 

.5954 
.5991 
.6028 

9.6064 
.6100 
.6136 

.6172 
log oot 



50 
50 
49 

49 

48 
48 

47 
47 
47 

46 
46 
45 

45 
45 
44 

44 
44 

43 

43 
42 
42 

42 
42 
41 

41 
40 
40 

40 
40 
40 

39 
39 
38 

39 

38 
38 

37 
38 
37 

37 

37 
36 

36 
36 
36 



log oot 



0.5719 
.5669 
.5619 

.5570 
.5521 
.5473 

0.5425 
.5378 
.5331 

.5284 
.5238 
.5192 

0.5147 
.5102 
.5057 

.5013 
.4989 
.4925 

0.4882 
.4839 
.4797 

.4755 
.4713 
.4671 

0.4630 
.4589 
.4549 

.4509 
.4469 
.4429 

0.4389 
.4350 
.4311 

.4273 
.4234 
.4196 

0.4158 
.4121 
.4083 

.4046 
.4009 
.3972 

0.3936 
.3900 
.3864 

.3828 
log tan 



76° 

50 
40 

30 
20 
10 

74° 

50 
40 

30 
20 
10 

73° 

50 
40 

30 
20 
10 

72° 

50 
40 

30 
20 
10 

71° 

50 
40 

30 
20 
10 

70° 

50 
40 

30 
20 
10 

69° O' 

50 
40 

30 
20 
10 

68° 

50 
40 

30 



Prop. Parts 



60 

5.0 
10.0 
15.0 
20.0 
25.0 
30.0 
35.0 
40.0 
45.0 



46 

4.6 
9.2 
13.8 
18.4 
23.0 
27.6 
32.2 
36.8 
41.4 



42 

4.2 
8.4 
12.6 
16.8 
21.0 
25.2 
29.4 
33.6 
37.8 



38 

3.8 
7.6 
11.4 
15.2 
19.0 
22.8 
26.6 
30.4 
34.2 



34 

3.4 
6.8 
10.2 
13.6 
17.0 
20.4 
23.8 
27.2 
30.6 



49 

4.9 

9.8 
14.7 
19.6 
24.5 
29.4 
34.3 
39.2 
44.1 



48 

4.8 
9.6 

14.4 
19.2 
24.0 
28.8 
33.6 
38.4 
43.2 



47 

4.7 



9. 
14. 



18.8 
23.5 
28.2 
32.9 
37.6 
42.3 



46 

4 

9 
13 
18 
22 
27 
31.5 
36.0 
40.5 



44 

4.4 
8.8 
13.2 
17.6 
22.0 
26.4 
30.8 
35.2 
39.6 



43 

4.3 
8.6 
12.9 
17.2 
21.5 
25.8 
30.1 
34.4 
38.7 



41 

4.1 
8.2 
12.3 
16.4 
20.5 
24.6 
28.7 
32.8 
36.9 



40 

4.0 
8.0 

12.0 

16 

20 

24 

28 

32 

36 



39 

3.9 
7.8 
11.7 
15.6 
19.5 
23.4 
27.3 
31.2 
35.1 



37 

3.7 



7.4 
11.1 
14.8 
18.5 
22.2 
25.9 
29.6 
33.3 



36 

3.6 

7.2 
10.8 
14.4 
18.0 
21.6 
25.2 
28.8 
32.4 



36 

3.5 
7.0 



10. 

14. 
17, 
21, 
24, 
28, 



5 

5 

5 




31.5 



33 

3.3 

6.6 
9.9 
13.2 
16. 
19.8 
23.1 
20.4 
29.7 



32 

9.6 
12.8 
16.0 
19.2 
22.4 
25.6 
28.8 



31 

3.1 
6.2 

9.3 
12.4 
15.5 
18.6 
21.7 
24.8 
27.9 



Prop. Parts 



TANGENTS AND COTANGENTS. TABLE II 



27 



X 


log fin 


d 


log 006 


d 

5 
5 
6 


log tan 


d 


log cot 




Prop. Parti 




30' 


9 . 6828 


31 
30 


9.9656 


9.6172 


36 
35 


. 3828 


30' 




86 


86 


84 




40' 


.5869 


.9651 


.6208 


.3792 


20' 


1 


3.6 


3.5 


3.4 




50' 


.6889 


.9646 


.6243 


.3757 


10' 


2 


7.2 


7.0 


6.8 








30 






36 






3 


10.8 


10.5 


10.2 




23° 0' 


9.5919 


29 
30 
29 


9.9640 


5 
6 
6 


9.6279 


35 
34 
35 


0.3721 


67° 0' 


4 


14.4 


14.0 


13.6 




10' 
20' 


.5948 
.6978 


.9635 
.9629 


.6314 
.6348 


.3686 
.3652 

« 


50' 
40' 


5 

6 
7 
8 


18.0 
21.6 
25.2 

28.8 


17.5 
21.0 
24.5 
28.0 


17.0 

20.4 

'23.8 

27.2 


15** - 30*' 


30' 


.6007 


29 
29 

28 


.9624 


6 
5 
6 


.6383 


34 
35 
34 


.3617 


30' 


9 


32.4 


31.5 


30.6 


75° - 60° 


40' 
60' 


.6036 
.6065 


.9618 
.9613 


.6417 
.6452 


.3583 
.3548 


20' 
10' 













24° 0' 


9 . 6093 


28 
28 
28 


9.9607 


5 
6 
6 


9.6486 


34 
33 
34 


0.3514 


66° 0' 


__ 










10' 


.6121 


.9602 


.6520 


.3480 


50' 




88 


82 


81 




20' 


.6149 


.9596 


.6553 


.3447 


40' 


1 
2 


3.3 
6.6 


3.2 
6.4 


3.1 
6.2 




30' 
40' 


.6177 
.6205 


28 
27 
27 


.9590 
.9584 


6 
5 
6 


.6587 
.6620 


33 
34 


.3413 
.3380 


30' 
20' 


3 
4 
5 


9.9 
13.2 
16.6 


9.6 
12.8 
16.0 


9.3 
12.4 
15.5 




50' 


.6232 


.9579 


.6654 


.3346 


10' 


6 


19.8 


19.2 


18.6 












33 






7 


23.1 


22.4 


21.7 




26° 0' 


9.6259 


27 

27 
27 


9.9573 


6 
6 
6 


9 . 6687 


33 
32 
33 


0.3313 


66° 0' 


8 


26.4 


25.6 


24.8 




10' 


.6286 


.9567 


.6720 


.3280 


50' 


9 


29.7 


28.8 


27.9 




20' 


.6313 


.9561 


.6752 


.3248 


40' 












30' 


.6340 


26 


.9555 


6 


.6785 


32 


.3215 


30' 












40' 


.6366 


26 


.9549 


6 


.6817 


33 
32 

32 
32 
31 


.3183 


20' 




80 


29 


28 




50' 


.6392 


26 

26 
26 
25 


.9543 


6 

7 
6 
6 


.6850 


.3150 


10' 


1 


3.0 


2.9 


2.8 




26° C 


9.6418 


9.9537 


9 . 6882 


0.3118 


64° (y 


2 
3 


6.0 
9.0 


5.8 
8.7 


5.6 
8.4 




10' 


.6444 


.9530 


.6914 


.3086 


50' 


4 


12.0 


11.6 


11.2 




20' 


.6470 


.9524 


.6946 


.3054 


40' 


5 

6 


15.0 
18.0 


14.5 
17.4 


14.0 
16.8 




30' 
40' 


.6495 
.6521 


26 
25 
24 


.9518 
.9512 


6 


.6977 
.7009 


32 
31 
32 


.3023 
.2991 


30' 
20' 


7 
8 
9 


21.0 
24.0 
27.0 


20.3 
23.2 
26.1 


19.6 
22.4 
25.2 


''^ 


50' 


.6546 


.9505 




.7040 


.2960 


10' 










1 o 
! ^ 


27° 0' 

10' 


9.6570 
.6595 


25 
25 

C% A 


9.9499 
.9492 




9 . 7072 
.7103 


31 
31 
31 


0.2928 
.2897 


68° (y 

50' 










! o 


20' 


.6620 


.9486 




.7134 


.2866 


40' 




27 


26 


26 


1 ^ 






24 












1 


2.7 


2.6 


2.5 




30' 


.6644 


24 
24 
24 


.9479 




.7165 


31 
30 
31 


.2835 


30' 


2 


5.4 


5.2 


5.0 




40' 
60' 


.6668 
.6692 


.9473 
.9466 




.7196 
.7226 


.2804 
.2774 


20' 
10' 


3 
4 
5 


8.1 
10.8 
13.5 


7.8 
10.4 
13.0 


7.5 
10.0 
12.5 




28° C 


9.6716 


24 
23 
24 


9 . 9459 




9.7257 


30 
30 
31 


0.2743 


62° 0' 


6 
7 


16.2 
18.9 


15.6 
18.2 


15.0 
17.5 




10' 


.6740 


.9453 




.7287 


.2713 50' 


8 


21.6 


20.8 


20.0 




20' 


.6763 


.9446 




.7317 


.2683 


40' 


9 


24.3 


23.4 


22.5 




30' 


.6787 


23 
23 
23 


.9439 




.7348 


30 
30 
30 


.2652 


30' 












40' 


.6810 


.9432 




.7378 


.2622 


20' 












50' 


.6833 


.9425 




.7408 


.2592 


10' 


— • 


24 


28 


22 




29° 0' 

10' 


9.6856 
.6878 


22 
23 
22 


9.9418 
.9411 




9 . 7438 
.7467 


29 
30 
29 


0.2562 
.2533 


61° (y 

50' 


1 
2 
3 


2.4 

4.8 
7.2 


2.3 
4.6 
6.9 


2.2 
4.4 

6.6 




20' 


.6901 


.9404 




.7497 


.2503 


40' 


4 


9.6 


9.2 


8.8 


















5 


12.0 


11.5 


11.0 




30' 


.6923 


23 
22 
22 


.9397 




.7526 


30 
29 
29 


.2474 


30' 


6 


14.4 


13.8 


13.2 




40' 
50' 


.6946 
.6968 


.9390 
.9383 


8 


.7556 
. 7585 


.2444 
.2415 


20' 
10' 


7 

8 
9 


16.8 
19.2 
21.6 


16.1 
18.4 
20.7 


15.4 
17.6 
19.8 




80° 0' 


9.6990 




9.9375 


d 


9.7614 




0.2386 


60° C 














log 001 


d 


log am 


log cot 


d 


log tan 


X 


Prop. Parts 


' 
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TABLE II. -LOGARITHMIC SINES, COSINES, 



X 


log sin 


d 


log COS 


d 

7 


log tan 


d 


log cot 




Prop. Parti 


30° 0' 


9.6990 


22 


9.9375 


9.7614 


30 


. 2386 


60° (y 


1 


80 

3.0 


29 

2.9 


28 

2.8 


10' 


.7012 


21 


.9368 


7 


.7644 


29 


.2356 


50' 


2 


6.0 


5.8 


5.6 


20' 


.7033 


22 


.9361 


8 


.7673 


28 


.2327 


40' 


3 
4 


9.0 
12.0 


8.7 
11.6 


8.4 
11.2 


30' 


.7055 


21 


.9353 


7 


.7701 


29 


.2299 


30' 


5 


15.0 

4 O /% 


14.5 

4 *9 A 


14.0 

4 A O 


40' 


.7076 


21 


.9346 


8 


.7730 


29 


.2270 


20' 


6 
7 


18.0 
21.0 


17.4 
20.3 


16.8 
19.6 


50' 


.7097 


21 


.9338 


7 


.7759 


29 


.2241 


10' 


• 

8 
9 


24.0 
27.0 


23.2 
26.1 


22.4 
25.2 


31° 0' 


9.7118 


21 


9.9331 


8 


9 . 7788 


28 


0.2212 


69° 0' 










10' 


.7139 


21 


.9323 


8 


.7816 


29 


.2184 


50' 










20' 


.7160 


21 


.9315 


7 


.7845 


28 


.2155 


40' 










30' 


.7181 


20 


9308 


8 


7873 


29 


.2127 


30' 










40' 


.7201 


21 


.9300 


8 


.7902 


28 


.2098 


20' 




27 


26 


22 


50' 


.7222 


20 


.9292 


8 


.7930 


28 


.2070 


10' 


1 
2 


2.7 
5.4 


2.6 
6.2 


2.2 

4.4 


32° 0' 


9 . 7242 


20 


9.9284 


8 


9.7958 


28 


0.2042 


68° 0' 


3 
4 


8.1 
10 8 


7.8 
10 4 


6.6 
8 8 


10' 


.7262 


20 


.9276 


8 


.7986 


28 


.2014 


50' 


5 


13.5 


13.0 


11.0 


20' 


.7282 


20 


.9268 


8 


.8014 


28 


.1986 


40' 


6 
7 


16.2 
18.9 


15.6 
18.2 


13.2 
15.4 


30' 


.7302 


20 


.9260 


8 


.8042 


28 


.1958 


30' 


8 


21.6 


20.8 


17.6 


40' 


.7322 


20 


.9252 


8 


.8070 


27 


.1930 


20' 


9 


24.3 


23.4 


19.8 


50' 


.7342 


19 


.9244 


8 


.8097 


28 


.1903 


10' 










33° 0' 

10' 


9.7361 
.7380 


19 
20 


9.9236 
.9228 


8 
9 


9.8125 
.8153 


28 
27 


0.1875 
.1847 


67° 0' 

50' 


— 


21 




19 


20 


20' 


.7400 


19 


.9219 


8 


.8180 


28 


.1820 


40' 


1 


■■Mi 

2.1 


■■^^ 

2.0 

A /V 


1.9 


30' 


.7419 


19 


.9211 


8 


.8208 


27 


.1792 


30' 


2 
3 


4.2 
6.3 


4.0 
6.0 


3.8 
5.7 


40' 


.7438 


19 


.9203 


9 


.8235 


28 


.1765 


20' 


4 


8.4 


8.0 


7.6 


50' 


.7457 


19 


.9194 


8 


.8263 


27 


.1737 


10' 


5 

6 


10.5 
12.6 


10.0 
12.0 


9.5 
11.4 


34° 0' 


9.7476 


18 


9.9186 


9 


9.8290 


27 


0.1710 


66° 0' 


7 


14.7 


14.0 
1A 


13.3 


10' 


.7494 


19 


.9177 


8 


.8317 


27 


.1683 


50' 


9 


AU.O 

18.9 


18.0 


17.1 


20' 


.7513 


18 


.9169 


9 


.8344 


27 


.1656 


40' 










30' 


.7531 


19 


.9160 


9 


.8371 


27 


.1629 


30' 










40' 
50' 


.7550 
.7568 


18 
18 


.9151 
.9142 


9 

8 


.8398 
.8425 


27 
27 


.1602 
.1575 


20' 
10' 


— 


18 




16 


17 




















1 


1.8 


1.7 


1.6 


36° 0' 


9.7586 


18 


9.9134 


9 


9.8452 


27 


0.1548 


66° 0' 


2 


3.6 


3.4 


3.2 


10' 


.7604 


18 


.9125 


9 


.8479 


27 


.1521 


50' 


3 
4 
5 


5.4 
7.2 
9.0 


6.1 
6.8 
8.5 


4.8 
6.4 
8.0 


20' 


.7622 


18 


.9116 


9 


.8506 


27 


.1494 


40' 


30' 


.7640 


17 


.9107 


9 


.8533 


26 


.1467 


30' 


6 

7 


10.8 
12.6 


10.2 
11.9 


9.6 
11.2 


40' 


.7657 


18 


.9098 


9 


.8559 


27 


.1441 


20' 


8 


14.4 


13.6 


12.8 


50' 


.7675 


17 


.9089 


9 


.8586 


27 


.1414 


10' 


9 


16.2 


15.3 


14.4 


36° 0' 


9.7692 


18 


9 . 9080 


10 


9.8613 


26 


0.1387 


64° 0' 










10' 
20' 


.7710 
.7727 


17 
17 


.9070 


9 


.8639 

D /» /% /% 


27 


.1361 

4 A 4^ M 


50' 

At\f 










.9061 


9 


.8666 


26 


.1334 


40' 




9 


8 


7 


30' 


.7744 


17 


.9052 


10 


.8692 


26 


.1308 


30' 


1 
2 
3 


.9 
1.8 
2.7 


.8 
1.6 
2.4 


.7 
1.4 
2.1 


40' 


.7761 


17 


.9042 


9 


.8718 


27 


.1282 


20' 


50' 


.7778 


17 


.9033 


10 


.8745 


26 


.1255 


10' 


4 
5 


3.6 
4.5 


3.2 
4.0 


2.8 
3.5 


37° 0' 


9.7795 


16 


9.9023 


9 


9.8771 


26 


0.1229 


63° (y 


6 


5.4 


4.8 


4.2 


10' 


.7811 


17 


.9014 


10 


.8797 


27 


.1203 


50' 


7 


6.3 


5.6 

Jk A 


4.9 


20' 


.7828 


16 


.9004 


9 


.8824 


26 


.1176 


40' 


8 
9 


7.2 
8.1 


6.4 
7.2 


5.0 
6.3 


30' 


.7844 




.8995 


d 


.8850 




.1150 


30' 












log COB 


d 


log sin 


log cot 


d 


log tan 


X 


Prop. Parts 



TANGENTS AND COTANGENTS. TABLE II 
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X 


log sin 




30' 
40' 
50' 


9.7844 
.7861 
.7877 


38< 


> 0' 
10' 
20^ 


9 . 7893 

".7910 

.7926 




30' 
40' 
50' 


.7941 
.7957 
.7973 


39' 


> 0' 

10' 
20' 


9.7989 
.8004 
.8020 




30' 
40' 
50' 


.8035 
.8050 
.8066 


40' 


> 0' 

10' 
20' 


9.8081 
.8096 
.8111 




30' 
40' 
50' 


.8125 
.8140 
.8155 


41< 


' 0' 
10' 
20' 


9.8169 
.8184 
.8198 




30' 
40' 
50' 


.8213 
.8227 
.8241 


42' 


10' 
20' 


9 . 8255 
.8269 
.8283 




30' 
40' 
50' 


.8297 
.8311 
.8324 


43' 


' 0' 

10' 
20' 


9 . 8338 
.8351 
.8365 




30' 
40' 
50' 


.8378 
.8391 
.8405 


44' 


' 0' 

10' 
20' 


9.8418 
.8431 

.8444 




30' 
40' 
50' 


.8457 
.8469 
.8482 


46 


Q/ 


9.8495 




log cos 



17 
16 
16 

17 
16 
15 

16 
16 
16 

15 
16 
15 

15 
16 
15 

15 
15 
14 

15 
15 
14 

15 
14 
15 

14 
14 
14 

14 
14 
14 

14 
13 

14 

13 
14 
13 

13 
14 
13 

13 
13 
13 

12 
13 
13 



log COB 



9 



9 



9 



9 



.8995 
.8985 
.8975 

.8965 
.8955 
.8945 

.8935 
.8925 
.8915 

.8905 
.8895 
.8884 

.8874 
.8864 
.8853 

.8843 
.8832 
.8821 

.8810 
.8800 
.8789 

.8778 
.8767 
.8756 

.8745 
.8733 
.8722 

8711 
.8699 
.8688 

.8676 
.8665 
.8653 

.8641 
.8629 
.8618 

.8606 
.8594 
.8582 

8569 
.8557 
.8545 

.8532 
.8520 
.8507 

9 . 8495 
log sin 



9 



9 



10 
10 
10 

10 
10 
10 

10 
10 
10 

10 
11 
10 

10 
11 
10 

11 
11 
11 

10 
11 
11 

11 
11 
11 

12 
11 
11 

12 
11 
12 

11 
12 
12 

12 
11 
12 

12 
12 
13 

12 
12 
13 

12 
13 
12 



log tan 



9 . 8850 
.8876 
.8902 

9 . 8928 
.8954 
.8980 

.9006 
.9032 
.9058 

9 . 9084 
.9110 
.9135 

.9161 
.9187 
.9212 

9.9238 
.9264 
.9289 

.9315 
.9341 
.9366 

9 . 9392 
.9417 
.9443 

.9468 
.9494 
.9519 

9 . 9544 
.9570 
.9595 

.9621 
.9646 
.9671 

9 . 9697 
.9722 
.9747 

.9772 
.9798 
.9823 

9 . 9848 
.9874 
.9899 

.9924 
.9949 
.9975 

. 0000 
log cot 



26 
26 
26 

26 
26 
26 

26 
26 
26 

26 
25 
26 

26 
25 
26 

26 
25 
26 

26 

25- 

26 

25 
26 
25 

26 
25 
25 

26 
25 
26 

25 
25 
26 

25 
25 
25 

26 
25 
25 

26 
25 
25 

25 
26 
25 



log cot 























1150 
.1124 
.1098 

.1072 
.1046 
.1020 

.0994 
.0968 
.0942 

0916 
.0890 
.0865 

.0839 
.0813 
.0788 

.0762 
.0736 
.0711 

.0685 
.0659 
.0634 

.0608 
.0583 
.0557 

.0532 
.0506 
.0481 

0456 
.0430 
.0405 

.0379 
.0354 
.0329 

.0303 
.0278 
.0253 

.0228 
.0202 
.0177 

0152 
.0126 
.0101 

.0076 
.0051 
.0025 

0.0000 















d 'log tan 



30' 
20' 
1,0' 

62° 0' 

. 50' 
40' 

30' 
20' 
10' 

61° 0' 

50' 
40' 

30' 
20' 
10' 

60° 0' 

50' 
40' 

30' 
20' 
10' 

49° 0' 

50' 
40' 

30' 
20' 
10' 

48° 0' 

50' 
40' 

30' 
20' 
10' 

47° 0' 

50' 
40' 

30' 
20' 
10' 

46° 0' 

50' 
40' 

30' 
20' 
10' 

46° 0' 



Prop. Parti 



26 


26 


2.6 


2.5 


5.2 


6.0 


7.8 


7.5 


10.4 


10.0 


13.0 


12.5 


15.6 


15.0 


18.2 


17.5 


20.8 


20.0 


23.4 


22.5 



17 


16 


1.7 


1.6 


3.4 


3.2 


6.1 


4.8 


6.8 


6.4 


8.5 


8.0 


10.2 


9.6 


11.9 


11.2 


13.6 


12.8 


16.3 


14.4 



16 

1.6 



3 

4 

6 

7 

9 
10.6 
12.0 
13.5 



14 


13 


1.4 


1.3 


2.8 


2.6 


4.2 


3.9 


6.6 


5.2 


7.0 


6.5 


8.4 


7.8 


9.8 


9.1 


11.2 


10.4 


12.6 


11.7 



12 

1.2 
2.4 
3.6 
4.8 
6.0 
7.2 
8.4 
9.6 
10.8 



11 


10 


1.1 


1.0 


2.2 


2.0 


3.3 


3.0 


4.4 


4.0 


5.5 


6.0 


6.6 


6.0 


7.7 


7.0 


8.8 


8.0 


9.9 


9.0 



30'* 
60'' 



45° 



•2 



Prop. Parts 
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TABLE III. NATURAL FUNCTIONS 



X 


sin X 


001 X 


tan X 


oot X 


■60 X 


OOfOO JT 




0° 0' 

10' 
20' 


. 00000 
.00291 
.00582 


1.0000 
1.0000 
1.0000 


.00000 
.00291 
.00582 


00 

343.77 
171.88 


1 . 0000 
1.0000 
1.0000 


00 

343.78 
171.89 


90° 0' 

50' 
40' 


30' 
40' 
50' 


.00873 
.01164 
.01454 


1.0000 
.9999 
.9999 


.00873 
.01164 
.01455 


114.59 
85.940 
68.750 


1.0000 
1.0001 
1.0001 


114.59 
85.946 
68.757 


30' 
20' 
10' 


V (y 

10' 
20' 


.01745 
.02036 
.02327 


.9998 
.9998 
.9997 


.01746 
.02036 
.02328 


57.290 
49.104 
42.964 


1.0002 
1.0002 
1.0003 


57 . 299 
49.114 
42.976 


89*' 0' 

50' 
40' 


30' 
40' 
50' 


.02618 
.02908 
.03199 


.9997 
.9996 
.9995 


.02619 
.02910 
.03201 


38.188 
34.368 
31.242 


1.0003 
1.0004 

i:ooo5 


38.202 
34.382 
31.258 


30' 
20' 
10' 


2° 0' 

10' 
20' 


.03490 
.03781 
.04071 


.9994 
.9993 
.9992 


.03492 
.03783 
.04075 


28 . 6363 
26.4316 
24.5418 


1.0006 
1.0007 
1.0008 


28 . 654 
26.451 
24.562 


88* 0' 

50' 
40' 


30' 
40' 
50' 


.04362 
.04653 
.04943 


.9990 
.9989 
.9988 


.04366 
.04658 
.04949 


22.9038 
21.4704 
20 . 2056 


1.0010 
1.0011 
1.0012 


22.926 
'21.494 
20.230 


30' 
20' 
10' 


3° 0' 

10' 
20' 


.05234 
.05524 
.05814 


.9986 
.9985 
.9983 


.05241 
.05533 
. 05824 


19.0811 
18.0750 
17.1693 


1.0014 
1.0015 
1.0017 


19.107 
18.103 
17.198 


87*^ 0' 

50' 
40' 


30' 
40' 
50' 


.06105 
.06395 
.06685 


.9981 
.9980 
.9978 


.06116 
.06408 
.06700 


16.3499 
15.6048 
14.9244 


1.0019 
1.0021 
1.0022 


16.380 
15.637 
14.958 


30' 
20' 
10' 


4° C 
10' 

20' 


.06976 
.07266 
.07556 


.9976 
.9974 
.9971 


.06993 
.07285 
.07578 


14.3007 
13.7267 
13.1969 


1.0024 
1.0027 
1.0029 


14.336 
13.763 
13.235 


86* C 

50' 
40' 


30' 
40' 
50' 


.07846 
.08136 
.08426 


.9969 
.9967 
.9964 


.07870 
.08163 
.08456 


12.7062 
12.2505 
11.8262 


1.0031 
1.0033 
1.0036 


12.746 
12.291 
11.868 


30' 
20' 
10' 


6« 0' 

10' 
20' 


.08716 
.09005 
.09295 


.9962 
.9959 
.9957 


.08749 
.09042 
.09335 


11.4301 
11.0594 
10.7119 


1.0038 
1.0041 
1.0044 


11.474 
11.105 
10.758 


86* 0' 

50' 
40' 


30' 
40' 
50' 


.09585 
.09874 
.10164 


.9954 
.9951 
.9948 


.09629 
.09923 
.10216 


10.3854 

10.0780 

9 . 7882 


1.0046 
1.0049 
1.0052 


10.433 

10.128 

9.839 


30' 
20' 
10' 


e^ 0' 

10' 
20' 


. 10453 
. 10742 
.11031 


.9945 
.9942 
.9939 


.10510 
. 10805 
.11099 


9.5144 
9.2553 
9.0098 


1.0055 
1.0058 
1.0061 


9.5668 
9 . 3092 
9.0652 


84° 0' 

50' 
40' 


30' 
40' 
50' 


.11320 
.11609 
.11898 


.9936 
.9932 
.9929 


.11394 
.11688 
.11983 


8.7769 
8.5555 
8 . 3450 


1.0065 
1 . 0068 
1.0072 


8.8337 
8.6138 
8 . 4647 


30' 
20' 
10' 


r 0' 

10' 
20' 


.12187 
. 12476 
. 12764 


.9925 
.9922 
.9918 


.12278 
. 12574 
. 12869 


8.1443 
7.9530 
7.7704 


1.0075 
1.0079 
1.0083 


8.2055 
8.0157 
7.8344 


83° 0' 

50' 
40' 


30' 


.13053 


.9914 


.13165 


7.5958 


1.0086 


7.6613 


30' 




008 X 


sin X 


cot X 


tan X 


cosec X 


800 X 


X 
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X 


siiLjr 


COS X 


tan X 


cot X 


see X 


ooiec X 




30' 
40' 
50' 


.1305 
.1334 
.1363 


.9914 
.9911 
.9907 


.1317 
.1346 
.1376 


7.5958 
7.4287 
7.2687 


1.0086 
1.0090 
1.0094 


7.6613 
7.4957 
7.3372 


30' 
20' 
10' 


8° 0' 

10' 
20' 


.1392 
.1421 
.1449 


.9903 
.9899 
.9894 


.1405 
.1435 
.1465 


7.1154 
6.9682 
6.8269 


1.0098 
1.0102 
1.0107 


7.1853 
7 . 0396 
6.8998 


82° 0' 

50' 
40' 


30' 
40' 
50' 


.1478 
.1507 
.1536 


.9890 
.9886 
.9881 


.1495 
.1524 
.1554 


6.6912 
6.5606 
6.4348 


1.0111 
1.0116 
1.0120 


6 . 7655 
6.6363 
6.5121 


30' 
20' 
10' 


9° 0' 

10' 
20' 


.1564 
.1593 
.1622 


.9877 
.9872 
.9868 


.1584 
.1614 
.1644 


6.3138 
6.1970 
6.0844 


1.0125 
1.0129 
1.0134 


6.3925 
6.2772 
6.1661 


81° 0' 

50' 
40' 


30' 
40' 
50' 


.1650 
.1679 
.1708 


.9863 
.9858 
.9853 


.1673 
.1703 
.1733 


5.9758 
5.8708 
5.7694 


1.0139 
1.0144 
1.0149 


6.0589 
5.9554 
5.8554 


30' 
20' 
10' 


10° c 

10' 
,20' 


.1736 
.1765 
.1794 


.9848 
.9843 
.9838 


.1763 
.1793 
.1823 


5.6713 
5.5764 
5.4845 


1.0154 
1.0160 
1.0165 


5.7588 
5.6653 
5.5749 


80° C 

50' 
40' 


30' 
40' 
50' 


.1822 
.1851 
.1880 


.9833 
.9827 
.9822 


.1853 
.1883 
.1914 


5.3955 
5.3093 
5.2257 


1.0170 
1.0176 
1.0182 


5.4874 
5.4026 
5.3205 


30' 
20' 
10' 


11° C 

10' 
20' 


.1908 
.1937 
.1965 


.9816 
.9811 
.9805 


.1944 
.1974 
.2004 


5.1446 
5.0658 
4.9894 


1.0187 
1.0193 
1.0199 


5.2408 
5.1636 
5.0886 


79° 0' 

50' 
40' 


30' 
40' 
50' 


.1994 
.2022 
.2051 


.9799 
.9793 
.9787 


.2035 
.2065 
.2095 


4.9152 
4.8430 
4.7729 


1.0205 

1.0211 

•1.0217 


5.0159 
4.9452 
4.8765 


30' 
20' 
10' 


12° 0' 

10' 
20' 


.2079 
.2108 
.2136 


.9781 
.9775 
.9769 


.2126 
.2156 
.2186 


4.7046 
4.6382 
4.5736 


1.0223 
1.0230 
1.0236 


4.8097 
4.7448 
4.6817 


78° 0' 

50' 
40' 


30' 
40' 
50' 


.2164 
.2193 
.2221 


.9763 
.9757 
.9750 


.2217 
.2247 
.2278 


4.5107 
4.4494 
4.3897 


1.0243 
1.0249 
1.0256 


4.6202 
4.5604 
4.5022 


30' 
20' 
10' 


13° 0' 

10' 
20' 


.2250 
.2278 
.2306 


.9744 
.9737 
.9730 


.2309 
.2339 
.2370 


4.3315 
4.2747 
4.2193 


1 . 0263 
1.0270 
1.0277 


4.4454 
4.3901 
4.3362 


77° 0' 

50' 
40' 


30' 
40' 
50' 


.2334 
.2363 
.2391 


.9724 
.9717 
.9710 


.2401 
.2432 
.2462 


4.1653 
4.1126 
4.0611 


1.0264 
1.0291 
1.0299 


4.2837 
4.2324 
4.1824 


30' 
20' 
10' 


14° C 

10' 
20' 


.2419 
.2447 
.2476 


.9703 
.9696 
.9689 


.2493 
.2524 
.2555 


4.0108 
3.9617 
3.9136 


1.0306 
1.0314 
1.0321 


4.1336 
4.0859 
4.0394 


76° 0' 

50' 
40' 


30' 
40' 
50' 


.2504 
.2532 
.2560 


.9681 
.9674 
.9667 


.2586 
.2617 
.2648 


3.8667 
3 . 8208 
3 . 7760 


1.0329 
1.0337 
1.0345 


3.9939 
3 . 9495 
3.9061 


30' 
20' 
10' 


16° 0' 


.2588 


.9659 


.2679 


3.7321 


1.0353 


3.8637 


76° 0' 




001 X 


•inx 


ootx 


tanx 


eoieex 


■ee X 


X 

- 
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TABLE III. NATURAL FUNCTIONS 



X 


sin X 


COS X 


tan X 


cot X 


sec X 


ootec jr 




16° 0' 

10' 
20' 


.2588 
.2616 
.2644 


.9659 
.9652 
.9644 


.2679 
.2711 
.2742 


3.7321 
3.6891 
3.6470 


1.0353 
1.0361 
1.0369 


3.8637 
3 . 8222 
3.7817 


76° 0' 

50' 
40' 


30' 
40' 
50' 


.2672 
.2700 
.2728 


.9636 
.9628 
.9621 


.2773 

.2805 
.2836 


3 . 6059 
3.5656 
3.5261 


1.0377 
1.0386 
1.0394 


3.7420 
3 . 7032 
3 . 6652 


30' 
20' 
10' 


16° 0' 

10' 
20' 


.2756 
.2784 
.2812 


.9613 
.9605 
.9596 


.2867 
.2899 
.2931 


3.4874 
3 . 4495 
3.4124 


1.0403 
1.0412 
1.0421 


3.6280 
3.5915 
3 . 5559 


74° 0' 
50' 
40' 


30' 
40' 
50' 


.2840 
.2868 
.2896 


.9588 
.9580 
.9572 


.2962 
.2994 
.3026 


3.3759 
3 . 3402 
3 . 3052 


1.0430 
1.0439 
1.0448 


3 . 5209 
3.4867 
3 . 4532 


30' 
20' 
10' 


17° 0' 

10' 
20' 


.2924 
.2952 
.2979 


.9563 
.9555 
.9546 


.3057 
.3089 
.3121 


3 . 2709 
3.2371 
3.2041 


1.0457 
1.0466 
1 . 0476 


3.4203 
3.3881 
3 . 3565 


73° 0' 

50' 
40' 


30' 
40' 
50' 


.3007 
.3035 
.3062 


.9537 
.9528 
.9520 


.3153 
.3185 
.3217 


3.1716 
3.1397 
3.1084 


1.0485 
1.0495 
1.0505 


3 . 3255 
3.2951 
3.2653 


30' 
20' 
10' 


18° 0' 

10' 
20' 


.3090 
.3118 
.3145 


.9511 
.9502 
.9492 


.3249 
.3281 
.3314 


3.0777 
3.0475 
3.0178 


1.0515 
1.0525 
1.0535 


3.2361 
3.2074 
3.1792 


72° 0' 

50' 
40' 


30' 
40' 
50' 


.3173 
.3201 
.3228 


.9483 
.9474 
.9465 


.3346 
.3378 
.3411 


2.9887 
2.9600 
2.9319 


1.0545 
1.0555 
1.0566 


3.1516 
3.1244 
3.0977 


30' 
20' 
10' 


19° 0' 

10' 
20' 


.3256 
.3283 
.3311 


.9455 
.9446 
.9436 


.3443 
.3476 
.3508 


2.9042 
2.8770 
2.8502 


1.0576 
1.0587 
1 . 0598 


3.0716 
3.0458 
3.0206 


71° 0' 

50' 
40' 


30' 
40' 
50' 


.3338 
.3365 
.3393 


.9426 
.9417 
.9407 


.3541 
.3574 
.3607 


2.8239 
2 . 7980 
2.7725 


1.0609 
1.0620 
1.0631 


2.9957 
2.9714 
2.9474 


30' 
20' 
,10' 


20° 0' 

10' 
20' 


.3420 
.3448 
.3475 


.9397 
.9387 
.9377 


.3640 
.3673 
.3706 


2.7475 
2 . 7228 
2.6985 


1.0642 
1.0653 
1.0665 


2.9238 
2 . 9006 
2.8779- 


70° 0' 

50' 
40' 


30' 
40' 
50' 


.3502 
.3529 
.3557 


.9367 
.9356 
.9346 


.3739 
.3772 
.3805 


2.6746 
2.6511 
2 . 6279 


1.0676 
1.0688 
1.0700 


2.8555 
2.8334 
2.8118 


30' 
20' 
10' 


21° 0' 

10' 
20' 


.3584 
.3611 
.3638 


.9336 
.9325 
.9315 


.3839 
.3872 
.3906 


2.6051 
2 . 5826 
2.5605 


1.0712 
1.0724 
1.0736 


2.7904 
2 . 7695 
2 . 7488 


69° 0' 

50' 
40' 


30' 
40' 
50' 


.3665 
.3692 
.3719 


.9304 
.9293 
.9283 


.3939 
.3973 
.4006 


2.5386 
2.5172 
2.4960 


1.0748 
1.0760 
1.0773 


2.7285 
2 . 7085 
2.6888 


30' 
20' 
10' 


22° 0' 

10' 
20' 


.3746 
.3773 
.3800 


.9272 
.9261 
.9250 


.4040 
.4074 
.4108 


2.4751 
2.4545 
2.4342 


1.0785 
1.0798 
1.0811 


2 . 6695 
2.6504 
2.6316 


68° 0' 

50' 
40' 


30' 


.3827 


.9239 


.4142 


2.4142 


1 . 0824 


2.6131 


30' 




001 X 


sin X 


OOt X 


tan X 


coiec X 


see X 


X 



NATURAL FUNCTIONS. TABLE III 



33 



X 


sin X 


cos X 


tan X 


cot X 


sec X 


cosec X 




30' 
40' 
50' 


.3827 
.3854 
.3881 


.9239 
.9228 
.9216 


.4142 
.4176 
.4210 


2.4142 
2.3945 
2.3750 


1.0824 
1.0837 
1.0850 


2.6131 
2.5949 
2.5770 


30' 
20' 
10' 


23° 0' 

' 10' 
20' 


.3907 
.3934 
.3961 


.9205 
.9194 
.9182 


.4245 
.4279 
.4314 


2.3559 
2.3369 
2.3183 


1.0864 
1.0877 
1.0891 


2.5593 
2.5419 
2.5247 


67° 0' 

50' 
40' 


30' 
40' 
50' 


.3987 
.4014 
.4041 


.9171 
.9159 
.9147 


.4348 
.4383 
.4417 


2.2998 
2.2817 
2.2637 


1.0904 
1.0918 
1.0932 


2.5078 
2.4912 
2.4748 


30' 
20' 
10' 


24° 0' 

10' 
20' 


.4067 
.4094 
.4120 


.9135 
.9124 
.9112 


.4452 
.4487 
.4522 


2 . 2460 
2.2286 
2.2113 


1.0946 
1.0961 
1.0975 


2 . 4586 
2.4426 
2.4269 


66° 0' 

50' 
40' 


30' 
40' 
50' 


.4147 
.4173 
.4200 


.9100 
.9088 
.9075 


.4557 
.4592 
.4628 


2.1943 
2.1775 
2.1609 


1.0990 
1 . 1004 
1.1019 


2.4114 
2.3961 
2.3811 


30' 
20' 
10' 


26° C 

10' 
20' 


.4226 
.4253 
.4279 


.9063 
.9051 
.9038 


.4663 
.4699 
.4734 


2.1445 
2.1283 
2.1123 


1 . 1034 
1 . 1049 
1 . 1064 


2.3662 
2.3515 
2.3371 


66° 0' 

50' 
40' 


30' 
40' 
50' 


.4305 
.4331 
.4358 


.9026 
.9013 
.9001 


.4770 
.4806 
.4841 


2.0965 
2.0809 
2.0655 


1 . 1079 
1 . 1095 
1.1110 


2.3228 
2.3088 
2.2949 


30' 
20' 
10' 


26° 0' 

10' 
20' 


.4384 
.4410 
.4436 


.8988 
.8975 
.8962 


. 4877 
.4913 
.4950 


2.0503 
2.0353 
2.0204 


1.1126 
1.1142 
1.1158 


2.2812 
2.2677 
2.2543 


64° C 

50' 
40' 


30' 
40' 
50' 


.4462 
.4488 
.4514 


.8949 
.8936 
.8923 


.4986 
.5022 
.5059 


2.0057 
1.9912 
1.9768 


1.1174 
1.1190 
1 . 1207 


2.2412 
2.2282 
2.2154 


30' 
20' 
10' 


27° C 

10'- 
20' 


.4540 
.4566 
.4592 


.8910 
.8897 
.8884 


.5095 
.5132 
.5169 


1.9626 
1.9486 
1.9347 


1.1223 
1.1240 
1 . 1257 


2.2027 
2.1902 
2.1779 


63° 0' 

^ 50' 
40' 


30' 
40' 
50' 


.4617 
.4643 
.4669 


.8870 
.8857 
.8843 


.5206 
.5243 
.5280 


1.9210 
1 . 9074 
1.8940 


1.1274 
1.1291 
1 . 1308 


2.1657 
2.1537 
2.1418 


30' 
20' 
10' 


28° 0' 

10' 
20' 


.4695 
.4720 
.4746 


.8829 
.8816 
.8802 


.5317 
.5354 
.5392 


1.8807 
1.8676 
1 . 8546 


1.1326 
1.1343 
1.1361 


2.1301 
2.1185 
2.1070 


62° 0' 

50' 
40' 


30' 
40' 
50' 


.4772 
.4797 
.4823 


.8788 
.8774 
.8760 


.5430 
.5467 
.5505 


1.8418. 

1.8291 

1.8165 


1.1379 
1.1397 
1.1415 


2.0957 
2.0846 
2.0736 


30' 
20' 
10' 


29° 0' 

10' 
20' 


.4848 
.4874 
.4899 


.8746 
.8732 
.8718 


.5543 
.5581 
.5619 


1.8040 
1.7917 
1.7796 


1 . 1434 
1.1452 
1.1471 


2.0627 
2.0519 
2.0413 


61° 0' 

50' 
40' 


30' 
40' 
50' 


.4924 
.4950 
.4975 


.8704 
.8689 
.8675 


.5658 
.5696 
.5735 


1.7675 
1 . 7556 
1 . 7437 


1 . 1490 
1.1509 
1.1528 


2.0308 
2.0204 
2.0101 


30' 
20' 
10' 


30° C 


.5000 


.8660 


.5774 


1.7321 


1.1547 


2.0000 


60° 0' 




cos X 


sin X 


OOt X 


tan X 


oosec X 


sec X 


X 



15° 
75° 



30" 
60° 



1» 
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I 

X 


sin X 


COS X 


tan X 


cot X 


■60 X 


ooseo X 




30° 0' 

10' 
20' 


.5000 
.5025 
.5050 


.8660 
.8646 
.8631 


.5774 
.5812 
.5851 


1.7321 
1 . 7205 
1 . 7090 


1.1547 
1.1567 
1.1586 


2.0000 
1.9900 
1.9801 


60° 0' 

60' 
40' 


30' 
40' 
50' 


.5075 
.5100 
.5125 


.8616 
.8601 
.8587 


.5890 
.5930 
.5969 


1 . 6977 
1 . 6864 
1 . 6753 


1.1606 
1.1626 
1.1646 


1.9703 
1.9606 
1.9511 


30' 

20' 
10' 


31° 0' 

10' 
20' 


.5150 
.5175 
.5200 


.8572 
.8557 
.8542 


.6009 
.6048 
.6088 


1.6643 
1.6534 
1.6426 


1.1666 
1.1687 
1.1708 


1.9416 
1.9323 
1.9230 


59° 0' 

50' 
40' 


30' 
40' 
50' 


.5225 
.5250 
.5275 


.8526 
.8511 
.8496 


.6128 
.6168 
.6208 


1.6319 
1.6212 
1.6107 


1.1728 
1 . 1749 
1.1770 


1.9139 
1.9049 
1.8959 


30' 
20' 
10' 


32° 0' 

10' 
20' 


.5299 
.5324 
.5348 


.8480 
.8465 
.8450 


.6249 
.6289 
.6330 


1 . 6003 
1 . 5900 
1.5798 


1.1792 
1.1813 
1 . 1835 


1.8871 
1.8783 
1.8699 


58° 0' 

50' 
40' 


30' 
40' 
50' 


.5373 
.5398 
.5422 


.8434 
.8418 
.8403 


.6371 
.6412 
. 6453 


1.5697 
1 .5597 
1.5497 


1.1857 
1 . 1879 
1 . 1901 


1.8612 
1.8527 
1.8444 


30' 
20' 
10' 


33° 0' 

10' 
20' 


.5446 
.5471 
.5495 


.8387 
.8371 
.8355 


.6494 
.6536 
.6577 


1.5399 
1.5301 
1 . 5204 


1.1924 
1 . 1946 
1 . 1969 


1.8361 
1.8279 
1.8198 


57° 0' 

50' 
40' 


30' 
40' 
50' 


.5519 
.5544 
.5568 


.8339 
.8323 
.8307 


.6619 
.6661 
.6703 


1.5108 
1.5013 
1.4919 


1 . 1992 
1.2015 
1.2039 


1.8118 
1 . 8039 
1 . 7960 


30' 
20' 
10' 


34° 0' 

10' 
20' 


.5592 
.5616 
.5640 


.8290 
.8274 
.8258 


.6745 
.6787 
.6830 


1.4826 
1.4733 
1.4641 


1.2062 
1.2086 
1.2110 


1 . 7883 
1 . 7806 
1 . 7730 


56° C 

50' 
40' 


30' 
40' 
50' 


.5664 
.5688 
.5712 


.8241 
.8225 
.8208 


.6873 
.6916 
.6959 


1.4550 
1.4460 
1.4370 


1.2134 
1.2158 
1.2183 


1 . 7655 
1.7581 
1 . 7507 


30' 
20' 
10' 


35° 0' 

10' 
20' 


.5736 
.5760 
.5783 


.8192 
.8175 
.8158 


.7002 
.7046 
.7089 


1.4281 
1.4193 
1.4106 


1 . 2208 
1.2233 
1 . 2258 


1.7435 
1 . 7362 
1.7291 


55° 0' 

50' 
40' 


30' 
40' 
50' 


.5807 
.5831 
.5854 


.8141 
.8124 
.8107 


.7133 
.7177 
.7221 


1.4019 
1.3934 
1.3848 


1.2283 
1.2309 
1.2335 


1.7221 
1.7151 
1.7082 


30' 
20' 
10' 


36° 0' 

10' 
20' 


.5878 
.5901 
.5925 


.8090 
.8073 
.8056 


.7265 
.7310 
.7355 


1.3764 
1.3680 
1.3597 


1.2361 
1.2387 
1.2413 


1.7013 
1 . 6945 
1 . 6878 


54° 0' 

50' 
40' 


30' 
40' 
50' 


.5948 
.5972 
.5995 


.8039 
.8021 
.8004 


.7400 
.7445 

.7490 


1.3514 
1.3432 
1.3351 


1.2440 
1.2467 
1.2494 


1.6812 
1.6746 
1.6681 


30' 
20' 
10' 


37° 0' 

10' 
20' 


.6018 
.6041 
.6065 


.7986 
.7969 
.7951 


.7536 
.7581 
.7627 


1 . 3270 
1.3190 
1.3111 


1.2521 
1.2549 
1.2577 


1.6616 
1.6553 
1.6489 


53° 0' 

50' 
40' 


30' 


.6088 


.7934 


.7673 


1 . 3032 


1.2605 


1 . 6427 


30' 




CMX 


■in X 


cot X 


tan X 


co^eo 'x 

1 


■ec X 


X 
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X 


sin X 


COS X 


tan X 


OOt X 


seo X 


cosec X 




30' 
40' 
50' 


.6088 
.6111 
.6134 


.7934 
.7916 
.7898 


.7673 
.7720 
.7766 


1.3032 
1.2954 
1.2876 


1.2605 
1.2633 
1.2662 


1.6427 
1.6365 
1.6304 


30' 
20' 
10' 


38° 0' 

10' 
20' 


.6157 
.6180 
.6202 


.7880 
.7862 
.7844 


.7813 
.7860 
.7907 


1.2799 
1.2723 
1.2647 


1.2690 
1.2719 
1.2748 


1.6243 
1.6183 
1.6123 


62° 0' 

50' 
40' 


30' 
40' 
50' 


.6225 
.6248 
.6271 


.7826 
.7808 
.7790 


.7954 
.8002 
.8050 


1.2572 
1.2497 
1.2423 


1 . 2779 
1.2808 
1.2837 


1.6064 
1 . 6005 
1.5948 


30' 
20' 
10' 


39° 0' 

10' 
20' 


.6293 
.6316 
.6338 


.7771 
.7753 
.7735 


.8098 
.8146 
.8195 


1.2349 
1.2276 
1 . 2203 


1.2868 
1.2898 
1.2929 


1.5890 
1.5833 
1.5777 


61° 0' 

50' 
40' 


30' 
40' 
50' 


.6361 
.6383 
.6406 


.7716 
.7698 
.7679 


.8243 
.8292 
.8342 


1.2131 
1.2059 
1.1988 


1.2960 
1.2991 
1 . 3022 


1.5721 
1.5666 
1.5611 


30' 
20' 
10' 


40° 0' 

10' 
20' 


.6428 
.6450 
.6472 


.7660 
.7642 
.7623 


.8391 
.8441 
.8491 


1.1918 
1.1847 
1.1778 


1 . 3054 
1.3086 
1.3118 


1.5557 
1 . 5504 
1 . 5450 


60° 0' 

50' 
40' 


30' 
40' 
50' 


.6494 
.6517 
.6539 


.7604 

.7585 
.7566 


.8541 
.8591 
.8642 


1.1708 
1.1640 
1.1571 


1 3151 
1.3184 
1.3217 


1.5398 
1.5346 
1.5294 


30' 
20' 
10' 


41° 0' 

10' 
20' 


.6561 
.6583 
.6604 


.7547 
.7528 
.7509 


.8693 
.8744 
.8796 


1 . 1504 
1.1436 
1.1369 


1 . 3250 
1 . 3284 
1.3318 


1 . 5243 
1.5192 
1.5142 


49° 0' 

50' 
40' 


30' 
40' 
50' 


.6626 
.6648 
.6670 


.7490 
.7470 
.7451 


.8847 
.8899 
.8952 


1.1303 
1.1237 
1.1171 


1.3352 
1.3386 
1.3421 


1.5092 
1 . 5042 
1 . 4993 


30' 
20' 
10' 


42° 0' 

10' 
20' 


.6691 
.6713 
.6734 


.7431 
.7412 
.7392 


.9004 
.9057 
.9110 


1.1106 
1.1041 
1.0977 


1.3456 
1 . 3492 
1 . 3527 


1.4945 
1.4897 
1 . 4849 


48° 0' 

50' 
40' 


30' 
40' 
50' 


.6756 
.6777 
.6799 


.7373 
.7353 
.7333 


.9163 
.9217 
.9271 


1.0913 
1.0850 
1.0786 


1 . 3563 
1.3600 
1.3636 


1.4802 
1.4755 
1 . 4709 


30' 
20' 
10' 


43° 0' 

10' 
20' 


.6820 
.6841 
.6862 


.7314 
.7294 
.7274 


.9325 
.9380 
.9435 


1.0724 
1.0661 
1.0599 


1.3673 
1.3711 
1.3748 


1.4663 
1.4617 
1.4572 


47° 0' 

50' 
40' 


30' 
40' 
50' 


.6884 
.6905 
.6926 


.7254 
.7234 
.7214 


.9490 
.9545 
.9601 


1.0538 
1.0477 
1.0416 


1.3786 
1.3824 
1.3863 


1.4527 
1 . 4483 
1.4439 


30' 
20' 
10' 


44° 0' 

10' 
20' 


.6947 
.6967 
.6988 


.7193 
.7173 
.7153 


.9657 
.9713 
.9770 


1.0355 
1.0295 
1.0235 


1 . 3902 
1.3941 
1.3980 


1.4396 
1.4352 
1.4310 


46° 0' 

50' 
40' 


30' 
40' 
50' 


.7009 
.7030 
.7050 


.7133 
.7112 
.7092 


.9827 
.9884 
.9942 


1.0176 
1.0117 
1.0058 


1.4020 
1.4061 
1.4101 


1.4267 
1.4225 
1.4184 


30' 
20' 
10' 


46° C 


.7071 


.7071 


1.0000 


1 . 0000 


1.4142 


1.4142 


46° 0' 




cos X 


sinx 


OOt X 


tan X 


coseo X 


sec X 


X 



30° - 45° 
60° - 45° 



l2 
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^m 


n degrees 


n minutes 


n seconds 


n 


n radians into 


n 


into radians 


into radians 


into radians 


degpree measure 





0.00000 


0.00000 


0.00000 








1 


0.01745 


0.00029 


0.00000 


0.00001 


0° 


0' 02" 


2 


0.03491 


0.00058 


0.00001 


0.00002 





04 


3 


0.05236 


0.00087 


0.00001 


0.00003 





06 


4 


0.06981 


0.00116 


0.00002 


. 00004 





08 


6 


0.08727 


0.00145 


0.00002 


0.00005 


0° 


0' 10" 


6 


0.10472 


0.00175 


0.00003 


. 00006 





12 


7 


0.12217 


0.00204 


0.00003 


0.00007 





14 


8 


0.13963 


0.00233 


0.00004 


0.00008 





17 


9 


0.15708 


0.00262 


0.00004 


0.00009 





19 


10 


0.17453 


0.00291 


0.00005 








11 


0.19199 


0.00320 


0.00005 


0.0001 


0° 


0' 21" 


12 


. 20944 


0.00349 


0.00006 


0.0002 





41" 


13 


0.22689 


0.00378 


0.00006 


0.0003 





1 02 


14 


0.24435 


0.00407 


0.00007 


0.0004 





1 23 


16 


0.26180 


0.00436 


0.00007 


0.0005 


. 0° 


V 43" 


16 


0.27925 


0.00465 


0.00008 


0.0006 





2 04 


17 


0.29671 


0.00495 


0.00008 


0.0007 





2 24 


18 


0.31416 


0.00524 


0.00009 


0.0008 





2 45 


19 


0.33161 


0.00553 


0.00009 


. 0009 





3 06 


20 


0.34907 


0.00582 


0.00010 








21 


. 36652 


0.00611 


0.00010 


0.001 


0° 


03' 26" 


22 


0.38397 


0.00640 


O.OOOli 


0.002 





06 53 


23 


0.40143 


0.00669 


0.00011 


0.003 





10 19 


24 


0.41888 


0.00698 


0.00012 


0.004 





13 45 


26 


0.43633 


0.00727 


0.00012 


0.005 


0° 


17' 11" 


26 


0.45379 


0.00756 


0.00013 


0.006 





20 38 


27 


0.47124 


0.00785 


0.00013 


0.007 





24 04 


28 


0.48869 


0.00814 


0.00014 


0.008 





27 30 


29 


0.50615 


0.00844 


0.00014 


0.009 





30 56 


30 


. 52360 


0.00873 


0.00015 








31 


0.54105 


0.00902 


0.00015 


0.01 


0° 


34' 23" 


32 


0.55851 


0.00931 


0.00016 


0.02 


1 


08 45 


33 


0.57596 


0.00960 


0.00016 


0.03 


1 


43 08 


34 


0.59341 


0.00989 


0.00016 


0.04 


2 


17 31 


36 


0.61087 


0.01018 


0.00017 


0.05 


2° 


51' 53" 


36 


0.62832 


0.01047 


0.00017 


0.06 


3 


26 16 


37 


. 64577 


0.01076 


0.00018 


0.07 


4 


00 39 


38 


0.66323 


0.01105 


0.00018 


0.08 


4 


35 01 


39 


0.68068 


0.01134 


0.00019 


0.09 


5 


09 24 


40 


0.69813 


0.01164 


0.00019 








41 


0.71558 


0.01193 


0.00020 


0.1 


6° 


43 46" 


42 


0.73304 


0.01222 


0.00020 


0.2 


11 


27 33 


43 


. 75049 


0.01251 


0.00021 


0.3 


17 


11 19 


44 


0.76794 


0.01280 


0.00021 


0.4 


22 


55 6 



y 



DEGREES TO RADIANS AND CONVERSELY. TABLE IV 37 





II degrees 


fl minutes 


n seoonds 






u 




into radians 


into radians 


n 


degree measnre 


46 


0.78540 


0.01309 


0.00022 


0.5 


28** 38' 52" 


46 


0.80285 


0.01338 


0.00022 


0.6 


34 22 39 


47 


0.82030 


0.01367 


0.00023 


0.7 


40 06 25 


48 


0.83776 


0.01396 


0.00023 


0.8 


45 50 12 


49 


0.85521 


0.01425 


0.00024 


0.9 


51 33 58 


60 


0.87266 


0.01454 


0.00024 






51 


0.89012 


0.01484 


0.00025 


1.0 


57° 17' 45" 


52 


0.90757 


0.01513 


0.00025 


2.0 


114 35 30 


53 


0.92502 


0.01542 


0.00026 


3.0 


171 53 14 


54 


0.94248 


0.01571 


0.00026 


4.0 


229 10 59 


66 


0.95993 


0.01600 


0.00027 


5.0 


286** 28' 44" 


56 


0.97738 


0.01629 


0.00027 


6.0 


343 46 29 


57 


0.99484 


0.01658 


0.00028 


7.0 


401 04 14 


58 


1.01229 


0.01687 


0.00028 


8.0 


458 21 58 


59 


1.02974 


0.01716 


0.00029 


9.0 


515 39 43 


60 


1.04720 


0.01745 


0.00029 


10.0 


572** 57' 28" 



TABLE V. MATHEMATICAL CONSTANTS 



ir» 3.14159 26535 89793. 
v>» 9.86960 44010 89359. 
T<» 31.00627 66802 99820. 

Vr - 1.77245 38509 05516. 
1 radian 



- » 0.31830 98861 83791. 

ir 

-^ » 0.10132 11836 42338. 

^» 0.03225 15344 33199. 

-4=^0.56418 95835 47756. 



180^ 



ir 
10800' 



57^29577 95131, 



648000" 



3437'.74677 07849, 
- 206264".80624 70964. 



radians, 

l^* -0.01745 32925 19943. 

(l**)* - 0.00030 46174 19787. 

(lo)t . 0.00000 53165 76934. 



radians. 

1' » 0.00029 08882 08666. 

(l')S» 0.00000 00846 15950. 

(l')S» 0.00000 00000 24614. 



1" - 0.00000 48481 36811. 

( 1")« - 0.00000 00000 235 04. 

sin l^"- 0.01745 24064 37284. 

sin 1' - 0.00029 08882 04563. 

sin 1" - 0.00000 48481 36811. 



• » Naperian base 



^+(2+(3+ ••• 



2.71828 18284 69046. 



M- 0.43429 44819 03252; logio n - Af logg n. 
^-2.30258 50929 94046; log^n- nlogun. 



Kadiam 

to 
degrees 
andcon- 
▼ersely. 
Math, 
oonst's. 






£ 



38 



TABLE VI. VALUES OF LOGeX, e* AND e 



— « 



X 


loge Jr 


e» 


e-« 


X 


lOgeX 


e» 


e-« 


0.00 


— 00 


1.000 


1.000 


2.50 


0.916 


12.18 


0.082 


0.05 


-2.996 


1.051 


0.951 


2.55 


0.936 


12.81 


0.078 


0.10 


-2.303 


1.105 


0.905 


2.60 


0.956 


13.46 


0.074 


0.15 


-1.897 


1.162 


0.861 


2.65 


0.975 


14.15 


0.071 


0.20 


-1.610 


1.221 


0.819 


2.70 


0.993 


14.88 


0.067 


0.25 


-1.386 


1.284 


0.779 


2.75 


1.012 


15.64 


064 


0.30 


-1.204 


1.350 


0.741 


2.80 


1.030 


16.44 


0.061 


0.35 


-1.050 


1.419 


0.705 


2.85 


1.047 


17.29 


0.058 


0.40 


-0.916 


1.492 


0.670 


2.90 


1.065 


18.17 


0.055 


0.45 


-0.799 


1.568 


0.638 


2.95 


1.082 


19.11 


0.052 


0.50 


-0.693 


1.649 


0.607 


3.00 


1.099 


20.09 


0.050 


0.55 


-0.598 


1.733 


0.577 


3.05 


1.115 


21.12 


0.047 


0.60 


-0.511 


1.822 


0.549 


3.10 


1.131 


22.20 


0.045 


0.65 


-0.431 


1.916 


0.522 


3.15 


1.147 


23.34 


0.043 


0.70 


-0.357 


2.014 


0.497 


3.20 


1.163 


24.53 


0.041 


0.75 


-0.288 


2.117 


0.472 


3.25 


1.179 


25.79 


0.039 


0.80 


-0.223 


2.226 


0.449 


3.30 


1.194 


27.11 


0.037 


0.85 


-0.163 


2.340 


0.427 


3.35 


1.209 


28.50 


0.035 


0.90 


-0.105 


2.460 


0.407 


3.40 


1.224 


29.96 


0.033 


0.95 


-0.051 


2.586 


0.387 


3.45 


1.238 


31.50 


0.032 


1.00 


0.000 


2.718 


0.368 


3.50 


1.253 


33.12 


0.030 


1.05 


+ 0.049 


2.858 


0.350 


3.55 


1.267 


34.81 


0.029 


1.10 


0.095 


3.004 


0.333 


3.60 


1.281 


36.60 


0.027 


1.15 


0.140 


3.158 


0.317 


3.65 


1.295 


38.47 


0.026 


1.20 


0.182 


3.320 


0.301 


3.70 


1.308 


40.45 


0.025 


1.25 


0.223 


3.490 


0.287 


3.75 


1.322 


42.52 


0.024 


1.30 


0.262 


3.669 


0.273 


3.80 


1.335 


44.70 


0.022 


1.35 


0.300 


3.857 


0.259 


3.85 


1.348 


46.99 


0.021 


1.40 


0.337 


4.055 


0.247 


3.90 


1.361 


49.40 


0.020 


1.45 


0.372 


4.263 


0.235 


3.95 


1.374 


51.94 


0.019 


1.50 


0.406 


4.482 


0.223 


4.00 


1.386 


54.60 


0.018 


1.55 


0.438 


4.711 


0.212 


4.05 


1.399 


57.40 


0.017 


1.60 


0.470 


4.953 


0.202 


4.10 


1.411 


60.34 


0.017 


1.65 


0.501 


5.207 


0.192 


4.15 


1.423 


63.43 


0.016 


1.70 


0.531 


5.474 


0.183 


4.20 


1.435 


66.69 


0.015 


1.75 


0.560 


5.755 


0.174 


4.25 


1.447 


70.11 


0.014 


1.80 


0.588 


6.050 


0.165 


4.30 


1.459 


73.70 


0.014 


1.85 


0.615 


6.360 


0.157 


4.35 


1.470 


77.48 


0.013 


1.90 


0.642 


6.686 


0.150 


4.40 


1.482 


81.45 


0.012 


1.95 


0.668 


7.029 


0.142 


4.45 


1.493 


85.63 


0.012 


2.00 


0.693 


7.389 


0.135 


4.50 


1.504 


90.02 


0.011 


2.05 


0.718 


7.768 


0.129 


4.55 


1.515 


94.63 


0.011 


2.10 


0.742 


8.166 


0.122 


4.60 


1.526 


99.48 


0.010 


2.15 


0.766 


8.585 


0.116 


4.65 


1.537 


104.58 


0.010 


2.20 


0.789 


9.025 


0.111 


4.70 


1.548 


109.95 


0.009 


2.25 


0.811 


9.488 


0,105 


4.75 


1.558 


115.58 


009 


2.30 


0.833 


9.974 


0.100 


4.80 


1.569 


121.51 


0.008 


2.35 


0.854 


10.486 


0.095 


4.85 


1.579 


127.74 


0.008 


2.40 


0.876 


11.023 


0.091 


4.90 


1.589 


134.29 


0.007 


2.45 


0.896 


11.588 


0.086 


4.95 


1.599 


141.17 


0.007 


2.50 


0.916 


12.182 


0.082 


5.00 


1.609 


148.41 


0.007 



TABLE VII. SQUARES, CUBES, SQUARE AND CUBE ROOTS 39 



n 


n2 


ns 


Vw 


v^ 




n2 


n» 


-s/n 


^n 


1 


1 


1 


1 


1 


51 


2601 


132651 


7.141 


3.708 


2 


4 


8 


1.414 


1.260 


52 


2*704 


140608 


7.211 


3.733 


3 


9 


27 


1.732 


1.442 


53 


2809 


148877 


7.280 


3.756 


4 


16 


64 


2.000 


1.587 


54 


2916 


157464 


7.348 


3.780 


5 


25 


125 


2.236 


1.710 


55 


3025 


166376 


7.416 


3.803 


6 


36 


216 


2.449 


1.817 


56 


3136 


175616 


7.483 


3.826 


7 


49 


343 


2.646 


1.913 


57 


3249 


185193 


7.550 


3.849 


8 


64 


512 


2.828 


2.000 


58 


3364 


195112 


7.616 


3.871 


9 


81 


729 


3.000 


2.080 


59 


3481 


205379 


7.681 


3.893 


10 


100 


1000 


3.162 


2.154 


60 


3600 


216000 


7.746 


3.915 


11 


121 


1331 


3.317 


2.224 


61 


3721 


226981 


7.810 


3.936 


12 


144 


1728 


3.464 


2.289 


62 


3844 


238328 


7.874 


3.958 


13 


169 


2197 


3.606 


2.351 


63 


3969 


250047 


7.937 


3.979 


14 


196 


2744 


3.742 


2.410 


64 


4096 


262144 


8.000 


4.000 


15 


225 


3375 


3.873 


2.466 


65 


4225 


274625 


8.062 


4.021 


16 


256 


4096 


4.000 


2.520 


66 


4356 


287496 


8.124 


4.041 


17 


289 


4913 


4.123 


2.571 


67 


4489 


300763 


8.185 


4.062 


18 


324 


5832 


4.243 


2.621 


68 


4624 


314432 


8.246 


4.082 


19 


361 


6859 


4.359 


2.668 


69 


4761 


328509 


8.307 


4.102 


20 


400 


8000 


4.472 


2.714 


70 


4900 


343000 


8.367 


4.121 


21 


441 


9261 


4.583 


2.759 


71 


5041 


357911 


8.426 


4.141 


22 


484 


10648 


4.690 


2.802 


72 


5184 


373248 


8.485 


4.160 


23 


529 


12167 


4.796 


2.844 


73 


5329 


389017 


8.544 


4.179 


24 


576 


13824 


4.899 


2.884 


74 


5476 


405224 


8.602 


4.198 


25 


625 


15625 


5.000 


2.924 


75 


5625 


421875 


8.660 


4.217 


26 


676 


17576 


5.099 


2.962 


76 


5776 


438976 


8.718 


4.236 


27 


729 


19683 


5.196 


3.000 


77 


5929 


456533 


8.775 


4.254 


28 


784 


21952 


5.291 


3.037 


78 


6084 


474552 


8.832 


4.273 


29 


841 


24389 


5.385 


3.072 


79 


6241 


493039 


8.888 


4.291 


30 


900 


27000 


5.477 


3.107 


80 


6400 


512000 


8.944 


4.309 


31 


961 


29791 


5.568 


3.141 


81 


6561 


531441 


9.000 


4.327 


32 


1024 


32768 


5.657 


3.175 


82 


6724 


551368* 


9.055 


4.344 


33 


1089 


35937 


5.745 


3.208 


83 


6889 


571787 


9.110 


4.362 


34 


1156 


39304 


5.831 


3.240 


84 


7056 


592704 


9.165 


4.380 


35' 


1225 


42875 


5.916 


3.271 


85 


7225 


614125 


9.220 


4.397 


36 


1296 


46656 


6.000 


3.302 


86 


7396 


636056 


9.274 


4.414 


37 


1369 


50653 


6.083 


3.332 


87 


7569 


658503 


9.327 


4.431 


38 


1444 


54872 


6.164 


3.362 


88 


7744 


681472 


9.381 


4.448 


39 


1521 


•59319 


6.245 


3.391 


89 


7921 


704969 


9.434 


4.465 


40 


1600 

- 


64000 


6.325 


3.420 


90 


8100 


729000 


9.487 


4.481 


41 


^681 


68921 


6.403 


3.448 


91 


8281 


763571 


9.539 


4.498 


42 


1764 


74088 


6.481 


3.476 


92 


8464 


778688 


9.592 


4.514 


43 


1849 


79507 


6.557 


3.503 


93 


8649 


804357 


9.644 


4.531 


44 


1936 


85184 


6.633 


3.530 


94 


8836 


830584 


9.695 


4.547 


45 


2025 


91125 


6.708 


3.557 


95 


9025 


857375 


9.747 


4.563 


46 


2116 


97336 


6.782 


3.583 


96 


9216 


884736 


9.798 


4.579 


47 


2209 


103823 


6.856 


3.609 


97 


9409 


912673 


9.849 


4.595 


48 


2304 


110592 


6.928 


3.634 


98 


9604 


941192 


9.899 


4.610 


49 


2401 


117649 


7.000 


3.659 


99 


9801 


970299 


9.950 


4.626 


50 


2500 


125000 


7.071 


3.684 


100 


10000 


1000000 


10.000 


4.642 


n 


n2 


ns 


Vw 


^ 


n 


n2 


n» 


\ln 


^n 






\^ 



